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%ORFNLQJ SUREDELOLWLHV LQ D WUDQVLHQW V\VWHP

-RUPD 9LUWDPR� +HOVLQNL 8QLYHUVLW\ RI 7HFKQRORJ\

6DPXOL $DOWR� 977 ,QIRUPDWLRQ 7HFKQRORJ\

$EVWUDFW� 7KH G\QDPLF 93 EDQGZLGWK PDQDJHPHQW VFKHPH GHYHORSHG E\ 0RFFL HW DO� LQ D VHULHV

RI SDSHUV FDOOV IRU WKH FDOFXODWLRQ RI WKH DYHUDJH EORFNLQJ SUREDELOLW\ RYHU D nQLWH WLPH LQWHUYDO RI D

V\VWHP LQ D WUDQVLHQW VWDWH� :H GHYHORS D ?SUHFLVLRQ ZHDSRQ� ZKLFK DOORZV RQH WR nQG WKH WHPSRUDO

HYROXWLRQ RI WKH SUREDELOLW\ RI WKH EORFNLQJ VWDWH ZLWKRXW WKH QHHG WR VROYH WKH SUREDELOLWLHV RI DOO WKH

RWKHU VWDWHV RU WR nQG WKH HLJHQYDOXHV DQG HLJHQYHFWRUV RI D YHU\ ODUJH PDWUL[ FRUUHVSRQGLQJ WR WKH

IXOO V\VWHP�

� ,QWURGXFWLRQ

,Q WKH G\QDPLF 93 EDQGZLGWK PDQDJHPHQW VFKHPH GHYHORSHG E\ 0RFFL HW DO� >�@�>�@ WKH
EDQGZLGWK DOORFDWLRQ IRU D 93 LQ DQ $70 QHWZRUN LV DGMXVWHG DW UHJXODU WLPH LQWHUYDOV�
$W WKH EHJLQQLQJ RI DQ LQWHUYDO WKH V\VWHP RFFXSDQF\ LV REVHUYHG DQG QHZ 93 FDSDFLW\
DOORFDWLRQ LV GRQH LQ VXFK D ZD\ WKDW WKH H[SHFWHG WLPH DYHUDJH RI WKH EORFNLQJ SUREDELOLW\ LQ
WKH LQWHUYDO ZLOO EH OHVV WKDQ D SUHGHnQHG OLPLW� ,Q WKH VLPSOHVW FDVH RI IXOO WUDpF VHJUHJDWLRQ�
HDFK 93 FDUULHV RQO\ RQH W\SH RI WUDpF DQG WKH SUREOHP ZLWKLQ D 93 LV RQH�GLPHQVLRQDO�

7KXV RQH LV OHG WR FRQVLGHU WKH IROORZLQJ SUREOHP� 1HZ FDOOV DUULYH DFFRUGLQJ WR D 3RLVVRQ
SURFHVV ZLWK UDWH w WR D ORVV V\VWHP ZLWK Q WUXQNV� ([SRQHQWLDO KROGLQJ WLPH ZLWK PHDQ
� x LV DVVXPHG� *LYHQ WKH QXPEHU RI FDOOV L LQ SURJUHVV DW WLPH � WKH WDVN LV WR nQG WKH WLPH
GHSHQGHQW SUREDELOLW\ 3QML�W� RI VWDWH Q� 7KH DYHUDJH EORFNLQJ SUREDELOLW\ LQ DQ LQWHUYDO RI
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7KH WLPH GHSHQGHQW VWDWH SUREDELOLWLHV DUH GHWHUPLQHG E\ WKH V\VWHP RI HTXDWLRQV
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ZLWK WKH LQLWLDO FRQGLWLRQV 3L���  � DQG 3N���  � IRU N � L� (TXLYDOHQWO\� RQH FDQ
FRQVLGHU WKH DERYH V\VWHP DV D YHFWRU HTXDWLRQ B3�W�  $3�W� DQG VROYH LW ZLWK WKH DLG
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RI WKH HLJHQYHFWRUV RI $� %RWK RI WKHVH PHWKRGV EHFRPH LPSUDFWLFDEOH DV Q EHFRPHV YHU\
ODUJH�

2XU DLP LV WR GHYHORS D PHWKRG ZKLFK DOORZV WKH FDOFXODWLRQ 3QML�W� VHSDUDWHO\ ZLWKRXW
WKH QHHG WR FRQVLGHU WKH HYROXWLRQ RI DOO WKH RWKHU VWDWHV� 7KH FRPSXWDWLRQDO HmRUW RI RXU
PHWKRG LV HVVHQWLDOO\ LQGHSHQGHQW RI WKH VL]H RI WKH V\VWHP� WKXV HQDEOLQJ XV WR FDOFXODWH
WKH WLPH GHSHQGHQW EORFNLQJ SUREDELOLWLHV HYHQ IRU YHU\ ODUJH V\VWHPV� :H VWDUW E\ nUVW
FRQVLGHULQJ DQ LQnQLWH V\VWHP�

� ,QnQLWH V\VWHP

,Q DQ LQnQLWH V\VWHP �Q  �� ZH FDQ HDVLO\ GHULYH D JRRG DSSUR[LPDWLRQ IRU WKH WLPH
GHSHQGHQW VWDWH SUREDELOLWLHV� 7KH QXPEHU RI FDOOV 1�WML� LQ SURJUHVV DW WLPH W LV WKH VXP
RI WZR LQGHSHQGHQW UDQGRP YDULDEOHV� WKH QXPEHU RI FDOOV 1��WML� VXUYLYLQJ IURP WKH LQLWLDO
VHW RI L FDOOV DQG WKH QXPEHU 1��W� RI WKRVH FDOOV DUULYHG LQ ��� W� WKDW VWLOO VXUYLYH DW WLPH
W� )RU HDFK FDOO IURP WKH LQLWLDO VHW WKH VXUYLYDO SUREDELOLW\ DW W LV

SW  HbxW� ���

7KXV 1��WML� LV ELQRPLDOO\ GLVWULEXWHG� 1��WML� z %LQ�L� SW�� 6LPLODUO\� WDNLQJ LQWR DFFRXQW
WKH VXUYLYDO SUREDELOLWLHV� ZH UHDVRQ WKDW 1��W� LV WKH QXPEHU RI DUULYDOV LQ ��� W� IURP DQ
LQKRPRJHQHRXV 3RLVVRQ SURFHVV ZLWK LQWHQVLW\ w�W��  wHbx�WbW

�� ZLWK W� � ��� W�� 7KXV 1��W�
LV 3RLVVRQ GLVWULEXWHG ZLWK PHDQ D�� b SW�� 1��W� z 3RLVVRQ�D�� b SW��� ZKHUH D  w x LV
WKH RmHUHG WUDpF LQWHQVLW\�

7KH WLPH GHSHQGHQW SUREDELOLW\ RI DQ\ VWDWH N LQ WKH LQnQLWH V\VWHP� 3�

NML
�W�� FDQ EH REWDLQHG

LQ WZR GLmHUHQW ZD\V� E\ WKH QXPHULFDO FRQYROXWLRQ RI WKH ELQRPLDO DQG 3RLVVRQ GLVWULEXWLRQV
�VHH $SSHQGL[� RU E\ WKH DSSUR[LPDWH LQYHUVLRQ RI WKH JHQHUDWLQJ IXQFWLRQ �SUREDELOLW\ VKLIW
PHWKRG�� :LWK WKH DERYH REVHUYDWLRQV ZH FDQ LPPHGLDWHO\ ZULWH WKH JHQHUDWLQJ IXQFWLRQ
RI WKH GLVWULEXWLRQ RI 1�WML��
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7KH VKLIWHG PHDQ DQG YDULDQFH RI WKH GLVWULEXWLRQ DUH
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7KH SUREDELOLW\ VKLIW DUJXPHQW nQDOO\ JLYHV �FI� >�@� ��������
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� )LQLWH V\VWHP

7KH DQDO\VLV RI WKH nQLWH V\VWHP FDQ EH EDVHG RQ D IHZ REVHUYDWLRQV� )LUVW� WKH nQLWH V\VWHP
�N  �� � � � � Q� GLmHUV IURP WKH LQnQLWH RQH RQO\ LQ WKDW WKH WHUPV UHSUHVHQWLQJ WUDQVLWLRQV
EHWZHHQ VWDWHV Q DQG Q� � LQ WKH nUVW RI HTXDWLRQV ��� DUH PLVVLQJ� 6HFRQG� WKH V\VWHP RI
HTXDWLRQV ��� LV OLQHDU �ERWK LQ WKH FDVH RI DQ LQnQLWH DQG D nQLWH V\VWHP�� 7KXV ZH FDQ WU\ WR
FRQVWUXFW D VROXWLRQ WR WKH nQLWH FDVH E\ VXSHULPSRVLQJ VROXWLRQV IRU WKH LQnQLWH V\VWHP� ZLWK
DSSURSULDWH LQLWLDO FRQGLWLRQV� LQ VXFK D ZD\ WKDW WKH VXSHUSRVHG V\VWHP VDWLVnHV HTXDWLRQV
���� 7KHUH DUH DW OHDVW WZR ZD\V WR GR WKLV�

,Q WKH nUVW ZH DGG DQ H[WHUQDO VRXUFH LQMHFWLQJ SUREDELOLW\ PDVV WR WKH VWDWH Q DW D UDWH V�W�
FKRVHQ WR H[DFWO\ FRPSHQVDWH IRU WKH QHW SUREDELOLW\ oRZ IURP VWDWH Q WR VWDWH Q� �� 7KH
WRWDO SUREDELOLW\ PDVV LQ WKH ZKROH LQnQLWH V\VWHP LV QRW DQ\ PRUH FRQVHUYHG EXW WKH PDVV
LQ WKH VWDWHV �N  �� � � � � Q� UHPDLQV FRQVWDQW �HTXDO WR ���

7KH VHFRQG KDV D VLPLODU LGHD� ,Q WKLV FDVH ZH DGG DQ H[WHUQDO VRXUFH LQMHFWLQJ SUREDELOLW\
PDVV WR WKH VWDWH Q � � LQ VXFK D ZD\ WKDW WKH SUREDELOLW\ RI VWDWH Q � � NHHSV D n[HG
UHODWLRQ WR WKDW RI VWDWH Q LQ RUGHU WR JXDUDQWHH ]HUR QHW oRZ RI SUREDELOLW\ EHWZHHQ WKHVH
VWDWHV� L�H�� WKH SUREDELOLW\ oRZ DVVRFLDWHG ZLWK XSZDUG WUDQVLWLRQV LV UHoHFWHG EDFN E\ WKH
FRUUHVSRQGLQJ GRZQZDUG WUDQVLWLRQV�

��� )LUVW DSSURDFK

/HW XV DQDO\VH WKHVH DOWHUQDWLYH DSSURDFKHV LQ PRUH GHWDLO� ,Q ERWK FDVHV� ZKDW ZH DFWXDOO\
VROYH DUH LQnQLWH V\VWHPV� ,Q WKH nUVW DSSURDFK ZH PRGLI\ HTXDWLRQ Q RI WKH LQnQLWH V\VWHP
E\ DGGLQJ D VRXUFH WHUP DV IROORZV�
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1RZ� FKRRVLQJ V�W� WR EH
V�W�  w3Q�W�b �Q� ��x3Q���W� ���

WKLV HTXDWLRQ UHGXFHV WR WKDW RI WKH nQLWH V\VWHP� 7KH RQO\ SUREOHP KHUH LV WKDW WKH 3N�W�
UHSUHVHQW WKH VWDWH SUREDELOLWLHV RI WKH PRGLnHG V\VWHP� ZKLFK LQ WXUQ GHSHQG RQ V�W�� %XW
DV WKH V\VWHP LV OLQHDU ZH FDQ H[SUHVV WKHVH SUREDELOLWLHV DV D VXSHUSRVLWLRQ RI VROXWLRQV IRU
WKH LQnQLWH V\VWHP ZLWK GLmHUHQW LQLWLDO FRQGLWLRQV� (PSKDVL]LQJ DJDLQ WKH GHSHQGHQFH RQ
WKH LQLWLDO VWDWHV DQG QRWLQJ WKDW 3�

NMQ
�WbX� LV WKH ?LPSXOVH UHVSRQVH� RU ?*UHHQ
V IXQFWLRQ�

IRU DQ DGGLWLRQ RI SUREDELOLW\ PDVV � DW WLPH X WR WKH VWDWH Q� ZH KDYH
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7KXV WKH FRQGLWLRQ ��� IRU V�W� EHFRPHV
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ZKHUH
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LV WKH QHW OHDN UDWH IURP VWDWH Q WR VWDWH Q � � DW WLPH W LQ DQ LQnQLWH V\VWHP VWDUWLQJ
IURP WKH LQLWLDO VWDWH L DW WLPH �� :LWK WKH DSSUR[LPDWLRQ ��� WKH OHDN UDWHV DUH HDVLO\
FDOFXODEOH IXQFWLRQV� HTXDWLRQ ���� FDQ EH VROYHG QXPHULFDOO\� DQG nQDOO\ WKH HYROXWLRQ RI
VWDWH SUREDELOLWLHV� H�J� WKDW RI WKH EORFNLQJ VWDWH Q� DUH REWDLQHG IURP ����

��� 6HFRQG DSSURDFK

,Q WKH VHFRQG DSSURDFK ZH DGG WKH VRXUFH WHUP V�W� WR WKH HTXDWLRQ RI VWDWH Q � � RI DQ
LQnQLWH V\VWHP� 7KHQ WKH VWDWH SUREDELOLWLHV FDQ EH ZULWWHQ LQ DQ DQDORJRXV IDVKLRQ�

3NML�W�  3�

NML�W� �

=
W

�

V�X�3�

NMQ���Wb X�GX ����

WKH RQO\ GLmHUHQFH EHLQJ WKDW QRZ WKH LPSXOVH UHVSRQVH IXQFWLRQ LV 3�

NMQ���W b X�� 7KH

FRQGLWLRQ IRU GHWHUPLQLQJ V�W� LQ WKLV FDVH UHDGV

w3QML�W�  �Q� ��x3Q��ML�W�� ����

L�H�� WKH SUREDELOLW\ oRZV EHWZHHQ VWDWHV Q DQG Q � � DUH UHTXLUHG WR FDQFHO� ZKHQFH WKH
HTXDWLRQ IRU VWDWH Q DJDLQ UHGXFHV WR WKDW RI WKH nQLWH V\VWHP� %\ VXEVWLWXWLQJ ���� LQWR
���� WKH ODWWHU FDQ EH UHZULWWHQ DV
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� 1XPHULFDO FRQVLGHUDWLRQV

:H RXWOLQH D VLPSOH QXPHULFDO VFKHPH IRU WKH VROXWLRQ RI HTXDWLRQV RI W\SH ���� RU �����
)RUPDOO\ WKH\ DUH LQWHJUDO HTXDWLRQV� EXW WKH IDFW WKDW WKH HTXDWLRQV DW WLPH W RQO\ GHSHQG
RQ YDOXHV RI V�X� IRU X � W HQDEOHV XV WR VROYH WKH YDOXHV RI V�W� VHTXHQWLDOO\� 7R EH PRUH
VSHFLnF� ZH FRQVLGHU HTXDWLRQ ���� DV DQ H[DPSOH� /HW XV GLVFUHWL]H WKH WLPH
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7KH ULJKW KDQG VLGH RI ���� DW WLPH W  NcW FDQ QRZ EH ZULWWHQ DV
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,Q WKH nJXUH EHORZ WKH HYROXWLRQ RI WKH EORFNLQJ SUREDELOLW\ 3���M����W� LV GHSLFWHG IRU D
V\VWHP RI VL]H Q  ��� VWDUWLQJ IURP WKH VWDWH L  ��� ZLWK DQ RmHUHG WUDpF LQWHQVLW\ RI
D  ���� )RU WKLV V\VWHP WKH VWDWLRQDU\ (UODQJ EORFNLQJ SUREDELOLW\ LV MXVW EHORZ � �� 1RWH
WKH ?RYHUVKRRWLQJ� RI WKH SUREDELOLW\ ZKLFK LV GXH WR DQ LQLWLDO VWDWH EHLQJ ZHOO DERYH WKH
PHDQ D�

7KH FXUYH ZDV REWDLQHG ZLWK D GLUHFW QXPHULFDO VROXWLRQ RI WKH VHW RI ��� HTXDWLRQV ����
7KH VROXWLRQ SURYLGHG E\ WKH DERYH VLPSOLnHG VFKHPH� ZKLFK GLUHFWO\ FDOFXODWHV 3���M����W��
ZDV YLUWXDOO\ LQGLVWLQJXLVKDEOH ZKHQ WKH WLPH VWHS xcW  ���� ZDV XVHG�
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$QGUHD� 8� 0RFFL DQG &� 6FRJOLR� 2SWLPDO FDSDFLW\ DVVLJQPHQW RI YLUWXDO
SDWKV LQ $70 QHWZRUNV� *OREHFRP
��� 6DQ )UDQFLVFR� ������ SS� �������

>�@ &� %UXQL� 8� 0RFFL� 3� 3DQQXQ]L DQG &� 6FRJOLR� (pFLHQW FDSDFLW\ DVVLJQPHQW IRU $70
YLUWXDO SDWKV� LQ +RW 7RSLFV RQ WUDpF DQG 3HUIRUPDQFH IURP 5$&( WR $&76� 0LODQR�
-XQH ��WK���WK ������� SDSHU ���

>�@ 8� 0RFFL� 3� 3HUIHWWL DQG &� 6FRJOLR� 93 FDSDFLW\ PDQDJHPHQW LQ $70 QHWZRUNV IRU
VKRUW DQG ORQJ WHUP WUDpF YDULDWLRQV� &267 ��� 7'�������

>�@ 8� 0RFFL� � 3� 3DQQXQ]L DQG &� 6FRJOLR� $GDSWLYH FDSDFLW\ PDQDJHPHQW RI YLUWXDO SDWK
QHWZRUNV� WR EH SUHVHQWHG DW *OREHFRP
��� /RQGRQ �������

>�@ -� 5REHUWV �HGLWRU�� 3HUIRUPDQFH HYDOXDWLRQ DQG GHVLJQ RI PXOWLVHUYLFH QHWZRUNV� &267
��� )LQDO 5HSRUW� &(&� /X[HPERXUJ �������

$SSHQGL[� FRQYROXWLRQ DOJRULWKP

7KRXJK DSSUR[LPDWLRQ ��� LV TXLWH DFFXUDWH� RQH PD\ ZLVK WR FDOFXODWH WKH SUREDELOLWLHV
DQG OHDN UDWHV RI DQ LQnQLWH V\VWHP H[DFWO\ E\ D QXPHULFDO FRQYROXWLRQ RI WKH ELQRPLDO DQG
3RLVVRQ GLVWULEXWLRQ� 6LQFH WKH WHUPV LQ ERWK RI WKHVH GLVWULEXWLRQV FDQ EH FDOFXODWHG UHFXU�
VLYHO\� RQH FDQ HYDOXDWH WKH FRQYROXWLRQ DOVR UHFXUVLYHO\� LQ ?RQH VZHHS�� ZLWKRXW KDYLQJ WR
VDYH WKH ZKROH GLVWULEXWLRQV� )RU LQVWDQFH� LQ 0DWKHPDWLFD ODQJXDJH WKH UHTXLUHG H[SUHVVLRQ
LV
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VXP WUP�
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VXP @ @

ZKHUH WKH LQSXW SDUDPHWHUV DUH

D  RmHUHG WUDpF LQWHQVLW\
S  VXUYLYDO SUREDELOLW\ HbxW

L  VWDWH RI WKH V\VWHP DW W  �
N  WKH LQGH[ RI WKH VWDWH WKH SUREDELOLW\ RI ZKLFK LV EHLQJ FDOFXODWHG

1RWH� KRZHYHU� WKDW ZKLOH WKH FRPSXWDWLRQDO HmRUW RI ��� LV FRQVWDQW WKDW RI WKH FRQYROXWLRQ
DOJRULWKP LV SURSRUWLRQDO WR N�
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