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8VLQJ *LEEV 6DPSOHU LQ 6LPXODWLQJ
0XOWLVHUYLFH /RVV 6\VWHPV

3DVL /DVVLOD � DQG -RUPD 9LUWDPR �

+HOVLQNL 8QLYHUVLW\ RI 7HFKQRORJ\

$EVWUDFW� ,Q WKLV DUWLFOH ZH FRQVLGHU WKH SUREOHP RI FDOFXODWLQJ WKH EORFNLQJ SUREDELOLWLHV RI FDOOV LQ

D PXOWLVHUYLFH QHWZRUN E\ XVLQJ VLPXODWLRQ� 7KH WUDGLWLRQDO DSSURDFKHV VXmHU IURP WKH IDFW WKDW WKH

VWDWH VSDFH H[SORVLRQ LQKHUHQW LQ WKH V\VWHP FDXVHV WKHLU HpFLHQF\ WR GHFUHDVH FRUUHVSRQGLQJO\� :H

GHYHORS D PHWKRG WKDW DOOHYLDWHV WKH HmHFW RI WKH VWDWH VSDFH H[SORVLRQ� 7KH PHWKRG LV EDVHG RQ XVLQJ

WKH VR FDOOHG *LEEV VDPSOHU WR JHQHUDWH D 0DUNRY FKDLQ ZLWK WKH GHVLUHG VWDWLRQDU\ GLVWULEXWLRQ�

,Q SDUWLFXODU� E\ PDNLQJ DQ DGGLWLRQDO ?YLUWXDO� VWHS IURP HDFK VWDWH DQG FDOFXODWLQJ WKH H[SHFWHG

FRQWULEXWLRQ IURP WKLV VWHS DQDO\WLFDOO\� ZH DUH DEOH WR FROOHFW LQIRUPDWLRQ IURP D VXEVHW RI WKH

ZKROH VWDWH VSDFH IRU HDFK JHQHUDWHG VDPSOH� 7KLV OHDGV WR D VPDOOHU YDULDQFH RI WKH HVWLPDWH IRU

D JLYHQ FRPSXWDWLRQDO HmRUW�

� ,QWURGXFWLRQ

0RGHUQ EURDGEDQG QHWZRUNV KDYH EHHQ GHVLJQHG WR LQWHJUDWH VHYHUDO VHUYLFH W\SHV LQWR WKH
VDPH QHWZRUN� 2Q WKH FDOO VFDOH� WKH SURFHVV GHVFULELQJ WKH QXPEHU RI FDOOV SUHVHQW LQ WKH
QHWZRUN FDQ EH PRGHOOHG E\ D ORVV V\VWHP� $VVRFLDWHG ZLWK HDFK FDOO LV WKH URXWH WKURXJK
WKH QHWZRUN DQG WKH EDQGZLGWK UHTXLUHPHQWV RQ WKH OLQNV� :KHQ WKH FDOO LV RmHUHG EXW
WKHUH LV QRW HQRXJK EDQGZLGWK RQ DOO WKH OLQNV DORQJ WKH UHTXHVWHG URXWH� WKH FDOO LV EORFNHG
DQG ORVW� 7KH VSHFLnF TXDQWLWLHV ZH DUH LQWHUHVWHG LQ DUH WKH EORFNLQJ SUREDELOLWLHV IRU HDFK
FDOO�

7KLV LV D QDWXUDO H[WHQVLRQ RI WKH PRGHO IRU WKH WUDGLWLRQDO VLQJOH VHUYLFH WHOHSKRQH QHWZRUN�
7KH VWHDG\ VWDWH GLVWULEXWLRQ RI WKH V\VWHP KDV D ZHOO NQRZQ SURGXFW IRUP� $ SUREOHP ZLWK
WKH H[DFW VROXWLRQ LV� KRZHYHU� WKDW LW UHTXLUHV WKH FDOFXODWLRQ RI D VR FDOOHG QRUPDOL]DWLRQ

�
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FRQVWDQW� ZKLFK HQWDLOV WKH FDOFXODWLRQ RI D VXP RYHU WKH FRPSOHWH DOORZHG VWDWH VSDFH RI WKH
V\VWHP� ,Q D SUDFWLFDO VL]H QHWZRUN ZLWK SRVVLEO\ KXQGUHGV RI FODVVHV DQG KLJK VSHHG OLQNV�
WKH VWDWH VSDFH YHU\ UDSLGO\ EHFRPHV DVWURQRPLFDO� ,Q IDFW� LW LV NQRZQ WKDW WKH FDOFXODWLRQ
RI WKH QRUPDOL]DWLRQ FRQVWDQW LV DQ 13 FRPSOHWH SUREOHP >�� S� ���@�

,Q VXFK D VLWXDWLRQ ZH KDYH WZR DOWHUQDWLYHV� WR XVH DQDO\WLFDO DSSUR[LPDWLRQV RU WR VLPXODWH
WKH SUREOHP WR D GHVLUHG OHYHO RI DFFXUDF\� ,Q WKLV SDSHU ZH ZLOO EH GHDOLQJ ZLWK HpFLHQW
PHWKRGV IRU GRLQJ WKH VLPXODWLRQ� 7UDGLWLRQDOO\ WKH VLPXODWLRQ DSSURDFKHV KDYH IRFXVHG RQ
HLWKHU 0RQWH &DUOR �0&� VXPPDWLRQ WHFKQLTXHV RU WKH 0DUNRY FKDLQ VLPXODWLRQ WHFKQLTXHV�
0& VXPPDWLRQ KDV EHHQ H[WHQVLYHO\ VWXGLHG E\ 5RVV >�� FKDS� �@� 0DUNRY FKDLQ VLPXODWLRQ
PHWKRGV LQFOXGH WKH UHJHQHUDWLYH PHWKRG� GHYHORSHG E\ &UDQH DQG ,JOHKDUW >�� �@� ZKLFK
KDV EHHQ ODWHO\ XVHG LQ WKH FRQWH[W RI UDUH HYHQW VLPXODWLRQ LQ ORVV QHWZRUNV E\ +HHJDDUG
>�@�

7KH SUREOHP ZLWK WKH DIRUHPHQWLRQHG PHWKRGV LV WKDW WKH\ EHFRPH FRPSXWDWLRQDOO\ YHU\
LQWHQVLYH DV WKH VWDWH VSDFH JURZV� 7KH UHDVRQ LV WKDW WKH\ FROOHFW LQIRUPDWLRQ DERXW WKH
VWDWH VSDFH RQ D VWDWH�SHU�VWDWH EDVLV DQG ZKHQ WKH VKHHU VL]H RI WKH VWDWH VSDFH LV WKH VRXUFH
RI WKH SUREOHP� WKH PHWKRGV DUH ERXQG WR IDLO DW VRPH SRLQW� :KDW LV DFWXDOO\ QHHGHG LV
D PHWKRG WKDW ZRXOG DOORZ WKH DJJUHJDWLRQ RI VWDWH VSDFH LQIRUPDWLRQ� VXFK WKDW LW ZRXOG
EH SRVVLEOH WR FROOHFW PRUH LQIRUPDWLRQ ZLWK HDFK VDPSOH WKDQ MXVW WKH LQIRUPDWLRQ RI WKH
VDPSOH LWVHOI�

,Q WKLV DUWLFOH� ZH ZLOO SUHVHQW D PHWKRG WKDW LV EDVHG RQ D IDPLO\ RI VLPXODWLRQ PHWKRGV
FDOOHG 0DUNRY &KDLQ 0RQWH &DUOR �0&0&� PHWKRGV XVLQJ WKH *LEEV VDPSOHU >�@� 7KLV
PHWKRG HQDEOHV XV WR H[SORLW WKH SURGXFW IRUP VROXWLRQ RI WKH V\VWHP� DQG ZH DUH DEOH
WR FDOFXODWH SDUW RI WKH SUREOHP DQDO\WLFDOO\ ZKLOH WKH VLPXODWLRQ LV EHLQJ FDUULHG RXW� ,Q
SUDFWLFH� WKLV PHDQV WKDW ZLWK HDFK JHQHUDWHG VDPSOH ZH FDQ FROOHFW LQIRUPDWLRQ RI QRW MXVW
WKH FXUUHQW VDPSOH VWDWH� EXW D ODUJH QXPEHU RI RWKHU VXUURXQGLQJ VWDWHV� +RZHYHU� LW ZLOO
EH VKRZQ WKDW DFWXDOO\ WKH 0&0& PHWKRG IRU WKH VDPSOH JHQHUDWLRQ LV QRW FUXFLDO IRU WKH
DSSOLFDWLRQ RI RXU LPSURYHG VDPSOLQJ PHWKRG DQG LW FDQ EH XVHG LQ WKH FRQQHFWLRQ RI WKH
QRUPDO 0& VXPPDWLRQ PHWKRG DV ZHOO�

7KH UHVW RI WKH SDSHU LV RUJDQL]HG DV IROORZV� &KDSWHU � LQWURGXFHV WKH EDVLF VWRFKDVWLF PRGHO
RI WKH SUREOHP� &KDSWHU � GHVFULEHV WKH *LEEV VDPSOLQJ PHWKRG IRU ORVV QHWZRUNV� &KDSWHU
� FRQWDLQV WKH PDLQ UHVXOWV RI WKLV SDSHU ZLWK PHWKRGV IRU LPSURYLQJ WKH SHUIRUPDQFH RI WKH
*LEEV VDPSOHU� (pFLHQW LPSOHPHQWDWLRQ RI WKH LPSURYHG PHWKRG LV GLVFXVVHG LQ FKDSWHU �
DQG WKH QXPHULFDO UHVXOWV DUH SUHVHQWHG LQ FKDSWHU � DQG WKH FRQFOXVLRQV LQ FKDSWHU ��

� 0RGHO 'HVFULSWLRQ

&RQVLGHU D QHWZRUN FRQVLVWLQJ RI - OLQNV� LQGH[HG ZLWK M  �� � � � � - � HDFK KDYLQJ D FDSDFLW\
RI &M UHVRXUFH XQLWV� 7KH QHWZRUN VXSSRUWV . FODVVHV RI FDOOV� $VVRFLDWHG ZLWK D FODVV�N
FDOO� N  �� � � � �.� LV DQ RmHUHG ORDG |N DQG D EDQGZLGWK UHTXLUHPHQW RI EM�N XQLWV RQ OLQN M�
1RWH WKDW EM�N  � ZKHQ FODVV�N FDOO GRHV QRW XVH OLQN M� /HW WKH YHFWRU EM  �EM��� � � � � EM�.�
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GHQRWH WKH UHTXLUHG EDQGZLGWKV RI WKH FODVVHV LQ WKH V\VWHP RQ OLQN M� $OVR� ZH DVVXPH
WKDW D FDOO LV DOZD\V DFFHSWHG LI WKHUH LV HQRXJK FDSDFLW\ OHIW DQG WKDW WKH EORFNHG FDOOV DUH
FOHDUHG� 7KH VWDWH RI WKH V\VWHP LV GHVFULEHG E\ WKH YHFWRU [  �[�� � � � � [.�� ZKHUH HOHPHQW
[N LV WKH QXPEHU RI FODVV�N FDOOV SUHVHQW LQ WKH QHWZRUN�

7KH VHW RI DOORZHG VWDWHV 6 FDQ EH GHVFULEHG DV

6  I[ � EM c [ � &M� M  �� � � � � -J �

ZKHUH WKH VFDODU SURGXFW LV GHnQHG� DV XVXDO� DV EM c [  
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7KLV V\VWHP KDV WKH ZHOO NQRZQ SURGXFW IRUP VWDWLRQDU\ GLVWULEXWLRQ
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ZKHUH IN�[N�  |[NN  [N�� DQG I�[� GHQRWHV WKH XQQRUPDOL]HG VWDWH SUREDELOLW\ DQG * LV WKH
VR FDOOHG QRUPDOL]DWLRQ FRQVWDQW
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;
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7KH VHW RI EORFNLQJ VWDWHV IRU D FODVV�N FDOO� %N� LV

%N  I[ � &M b EM c HN � EM c [ � &M� M  �� � � � � -J �

ZKHUH HN LV D . FRPSRQHQW YHFWRU ZLWK � LQ WKH NWK FRPSRQHQW DQG ]HURV HOVHZKHUH� 7KH
EORFNLQJ SUREDELOLW\ RI D FODVV�N FDOO� %N� LV WKHQ
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,Q WKH UHPDLQGHU RI WKLV SDSHU ZH ZLOO EH GHDOLQJ ZLWK HpFLHQW VLPXODWLRQ PHWKRGV IRU
FDOFXODWLQJ WKH EORFNLQJ SUREDELOLWLHV DV GHnQHG LQ WKLV PRGHO�

� *LEEV 6DPSOLQJ IRU /RVV 6\VWHPV

2XU SUREOHP LV QRZ RI WKH IROORZLQJ W\SH� :H ZDQW WR HYDOXDWH VRPH TXDQWLW\ + GHnQHG DV
D VXP RYHU WKH DOORZHG VWDWH VSDFH 6�
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,Q JHQHUDO� WKH 0& PHWKRG VROYHV WKH SUREOHP E\ JHQHUDWLQJ L�L�G� VDPSOHV ;Q � 6 ZLWK
VRPH GLVWULEXWLRQ S�[�  3U>;Q  [@ VXFK WKDW S�[� � �� �[ � 6� :LWK UHVSHFW WR WKLV
GLVWULEXWLRQ + FDQ EH ZULWWHQ DV DQ H[SHFWDWLRQ
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7KH HVWLPDWRU IRU + ZKHQ 1 VDPSOHV KDYH EHHQ GUDZQ LV
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(VWLPDWRU ��� KDV WKH FRUUHFW H[SHFWDWLRQ ZKHQ HDFK ;Q KDV WKH GLVWULEXWLRQ {� LUUHVSHF�
WLYH RI ZKHWKHU WKH ;Q DUH LQGHSHQGHQW RU QRW� 3RVLWLYH FRUUHODWLRQ EHWZHHQ WKH VDPSOHV�
KRZHYHU� PDNHV WKH HVWLPDWRU OHVV HpFLHQW IURP WKH SRLQW RI YLHZ RI LWV YDULDQFH�

,Q RXU FDVH ZH DUH LQWHUHVWHG LQ FDOFXODWLQJ WKH EORFNLQJ SUREDELOLWLHV DV JLYHQ E\ HT� ��� ZLWK
K�[�  {�[��[�%N � 7KHQ D QDWXUDO FKRLFH LV WR OHW S�[�  {�[�� DQG ZH JHW WKH HVWLPDWRU
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2QH DSSURDFK IRU JHQHUDWLQJ WKH VDPSOHV LV E\ 0DUNRY FKDLQ VLPXODWLRQ� 7KLV UHOLHV RQ
WKH IDFW WKDW� DVVXPLQJ WKH KROGLQJ WLPHV DUH H[SRQHQWLDOO\ GLVWULEXWHG� RXU V\VWHP LWVHOI
LV GHnQHG E\ D 0DUNRY FKDLQ� H�J� WKH HPEHGGHG GLVFUHWH WLPH 0DUNRY FKDLQ �MXPS FKDLQ�
DVVRFLDWHG ZLWK WKH DUULYDO DQG GHSDUWXUH HSRFKV� 7KH SRLQWV LQ WKH IXOO MXPS FKDLQ� ZKHQ
ZHLJKWHG ZLWK WKH H[SHFWHG OLIH WLPH RI HDFK VWDWH� KDYH WKH VWDWLRQDU\ GLVWULEXWLRQ { DQG�
DV QRWHG DERYH� FDQ EH XVHG DV VDPSOHV LQ WKH VXPPDWLRQ RI HT� ��� GHVSLWH WKH IDFW WKDW
WKH\ DUH QRW LQGHSHQGHQW� $OWHUQDWLYHO\� RQH FDQ SLFN WKH VXEFKDLQ FRQVLVWLQJ RI WKH VWDWHV
SULRU WR DQ DUULYDO RU WKH VXEFKDLQ FRQVLVWLQJ RI WKH VWDWHV SUHFHHGHG E\ D GHSDUWXUH� ERWK
RI WKHVH VXEFKDLQV GLUHFWO\ KDYH WKH VWDWLRQDU\ GLVWULEXWLRQ {�

,Q 0&0& PHWKRGV WKH LGHD LV WKH VDPH ^ WR VLPXODWH VRPH 0DUNRY FKDLQ IRU FRQVWUXFWLQJ
WKH GLVWULEXWLRQ {� 7KH TXHVWLRQ LV RQO\� DUH WKHUH RWKHU 0DUNRY FKDLQV WKDW KDYH WKH VDPH
VWHDG\ VWDWH GLVWULEXWLRQ {" 7KH DQVZHU LV \HV DQG� LQ IDFW� PDQ\ RI WKHP >�@� 7KH *LEEV
VDPSOHU LQWURGXFHG ODWHU LQ WKLV FKDSWHU LV MXVW RQH RI WKHP� EXW LWV SURSHUWLHV DOORZ XV WR
H[SORLW WKH SURGXFW IRUP VROXWLRQ RI WKH VWHDG\ VWDWH GLVWULEXWLRQ LQ RUGHU WR JDLQ VLJQLnFDQW
VLPXODWLRQ HpFLHQF\ LQFUHDVHV� DV ZLOO EH GLVFXVVHG LQ FKDSWHU ��

��� *HQHUDO 7KHRU\

/HW ;  �;�� � � � �;.� GHQRWH WKH YHFWRU UDQGRP YDULDEOH IRU WKH VWDWH RI WKH ORVV QHWZRUN
ZLWK WKH VWHDG\ VWDWH GLVWULEXWLRQ {�[� DV LQ ���� :H DUH QRZ LQWHUHVWHG LQ ZD\V RI FRQVWUXFW�
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LQJ D 0DUNRY FKDLQ ;e
Q KDYLQJ WKH LQYDULDQW GLVWULEXWLRQ {� 2QH ZD\ LV WR XVH WUDQVLWLRQ

SUREDELOLWLHV EDVHG RQ FRQGLWLRQLQJ� DV GHnQHG LQ WKH IROORZLQJ WKHRUHP �WDNHQ ZLWK VOLJKW
PRGLnFDWLRQ IURP >�@��

7KHRUHP �� /HW VHWV $�� � � � �$, IRUP D SDUWLWLRQ RI WKH VWDWH VSDFH 6 DQG OHW L�[� GHQRWH
WKH LQGH[ RI WKH VHW WR ZKLFK D VWDWH [ LQ 6 EHORQJV WR� /HW ; EH D UDQGRP YDULDEOH ZLWK
GLVWULEXWLRQ {� 7KH 0DUNRY FKDLQ ;e

Q ZLWK WKH WUDQVLWLRQ SUREDELOLW\
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Q�� EHFDXVH WKHQ
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/HW 3 ��� GHQRWH WKH SUREDELOLW\ PDWUL[ ZLWK WUDQVLWLRQ SUREDELOLWLHV DV LQ HT� ���� 7KH 0DUNRY
FKDLQ SURGXFHG E\ WKLV LV QRW LUUHGXFLEOH� EHFDXVH WKHUH DUH QR WUDQVLWLRQV EHWZHHQ GLmHUHQW
VHWV� +RZHYHU� E\ GHnQLQJ VHYHUDO SDUWLWLRQV �� � � � �0 ZH FDQ FRQVWUXFW DQ LUUHGXFLEOH
0DUNRY FKDLQ ;e

Q� /HW 3
�P�� P  �� � � � �0 � GHQRWH WKH FRUUHVSRQGLQJ WUDQVLWLRQ PDWULFHV�

7KHQ� ZLWK D VXLWDEOH FKRLFH RI WKH SDUWLWLRQV� WKH 0DUNRY FKDLQ ;e
Q FRUUHVSRQGLQJ WR WKH

FRPSRXQG WUDQVLWLRQ PDWUL[ 3  3 ��� c c c3 �0� ZLOO EH LUUHGXFLEOH� 6LQFH HDFK 3 �P� KDV WKH
LQYDULDQW GLVWULEXWLRQ { DOVR WKH FRPSRXQG PDWUL[ 3 ZLOO KDYH WKH LQYDULDQW GLVWULEXWLRQ {�
DQG EHFDXVH ;e

Q LV QRZ LUUHGXFLEOH� { LV DOVR LWV XQLTXH VWDWLRQDU\ GLVWULEXWLRQ�

��� *LEEV 6DPSOHU DQG LWV $SSOLFDWLRQ WR /RVV 1HWZRUNV

,Q RXU FDVH ZH KDYH D SURGXFW IRUP VROXWLRQ { DQG LW LV QDWXUDO WR GHnQH WKH VHWV LQ D
SDUWLWLRQ WR FRQVLVW RI SRLQWV LQ FRRUGLQDWH GLUHFWLRQV� 7KLV OHDGV WR WKH VR FDOOHG *LEEV
VDPSOHU�
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:H GHnQH . SDUWLWLRQV� 7KH VHWV LQ SDUWLWLRQ N� N  �� � � � �.� DUH GHQRWHG ZLWK $N
L � $V

EHIRUH� WKH LQGH[ RI WKH VHW LQ SDUWLWLRQ N WR ZKLFK D VWDWH [ EHORQJV LV GHnQHG DV LN�[��
7KLV VHW FRQVLVWV RI WKH VWDWHV

$N
LN�[�  I\  �[�� � � � � [Nb�� O� [N��� � � � � [.� � O � , �EM c \ � &M � M  �� � � � � -J �

ZKHUH , LV WKH VHW RI QRQ�QHJDWLYH LQWHJHUV� )RU WKH VHTXHO� ZH GHQRWH E\ /N�[� WKH ODUJHVW
YDOXH RI WKH FRPSRQHQW N �YDULDEOH O� RI WKH SRLQWV LQ WKH DERYH VHW $N

LN�[��

7R LOOXVWUDWH WKH FRQFHSW FRQVLGHU WKH VLPSOH QHWZRUN RI )LJ� �� ZLWK WKH VWDWH VSDFH GHSLFWHG
LQ WKH VDPH nJXUH�

C1

C2

C3 ρ1

ρ2

. n2

n1

)LJXUH �� ([DPSOH QHWZRUN DQG LWV VWDWH VSDFH�

,Q WKLV FDVH ZH KDYH WZR WUDpF FODVVHV� .  �� DQG ZH XVH WZR GLmHUHQW SDUWLWLRQV ZLWK WKH
?URZV� FRUUHVSRQGLQJ WR SDUWLWLRQ � DQG WKH ?FROXPQV� WR SDUWLWLRQ � �VHH )LJ� ���

n2

n1

n2

n1

)LJXUH �� 7KH VWDWH VSDFH SDUWLWLRQV � DQG � �OHIW DQG ULJKW��

$VVRFLDWHG ZLWK HDFK SDUWLWLRQ� WKHUH LV D WUDQVLWLRQ PDWUL[ 3 �N� ZLWK WKH WUDQVLWLRQ SURE�
DELOLWLHV ���� 7KHQ ZH FRQVWUXFW D FRPSRXQG WUDQVLWLRQ PDWUL[ 3  3 ��� c c c3 �.�� 7KH
FRUUHVSRQGLQJ 0DUNRY FKDLQ ;e

Q LV LUUHGXFLEOH VLQFH LW LV SRVVLEOH WR PRYH IURP DQ\ VWDWH [
LQ WKH FRRUGLQDWH FRQYH[ VWDWH VSDFH 6 WR DQ\ RWKHU VWDWH \ ZLWK DW PRVW . WUDQVLWLRQV�

7KH VLPXODWLRQ RI WKH 0DUNRY FKDLQ ;e
Q FRQVLVWV RI PDNLQJ WUDQVLWLRQV ZLWK WKH WUDQVLWLRQ

PDWULFHV 3 �N� LQ F\FOLFDO RUGHU� ,Q WUDQVLWLRQV JHQHUDWHG ZLWK 3 �N�� WKH VWDWH UHPDLQV LQ RQH
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RI WKH VHWV $N
LN�;e

Q
�� L�H� RQO\ WKH FRPSRQHQW [N FKDQJHV� 6WDUWLQJ IURP WKH VWDWH;

e
Q WKH YDOXH

RI [N RI WKH QH[W VWDWH LV REWDLQHG E\ GUDZLQJ LW IURP WKH GLVWULEXWLRQ IN�[N� *N�/
N�;e

Q���
ZKHUH WKH QRUPDOL]LQJ IXQFWLRQ *N�c� LV GHnQHG E\

*N�/�  

/;

O �

IN�O� �

$ORQJ WKH JHQHUDWHG SDWK� ZH FROOHFW LQIRUPDWLRQ DERXW WKH QXPEHU RI YLVLWV WR WKH EORFNLQJ
VWDWHV RI FODVV�N FDOOV LQ RUGHU WR IRUP WKH HVWLPDWRU ���� L�H�
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)LJXUH ��� VKRZV D VDPSOH SDWK IRU WKH SUHYLRXVO\ SUHVHQWHG H[DPSOH QHWZRUN� 7KH FLUFOHG
VWDWH LV WKH LQLWLDO VWDWH DQG WKH VL[ WUDQVLWLRQV FRUUHVSRQG WR WKUHH IXOO F\FOHV� L�H� WKUHH
VHULHV RI WUDQVLWLRQV LQ HDFK GLPHQVLRQ� $V FDQ EH VHHQ� WKH SDWK FRQVLVWV RI WUDQVLWLRQV LQ
WKH GLmHUHQW FRRUGLQDWH GLUHFWLRQV RI WKH VWDWH VSDFH� $OVR� WZR EORFNLQJ VWDWHV RI WUDpF
FODVV � DUH YLVLWHG� VWDWHV ��� �� DQG ��� ���

n2

n1

)LJXUH �� 0&0& VLPXODWLRQ H[DPSOH

+RZ GRHV WKLV WHFKQLTXH GLmHU IURP WKH 0RQWH &DUOR VXPPDWLRQ RU HPEHGGHG GLVFUHWH WLPH
0DUNRY FKDLQ WHFKQLTXHV" ,Q WKH WUDGLWLRQDO �RU PRVW VWUDLJKW IRUZDUG� 0& VXPPDWLRQ
WHFKQLTXH� L�L�G� VDPSOHV DUH JHQHUDWHG LQWR WKH VWDWH VSDFH OLPLWHG E\ WKH PD[LPXP QXPEHU
RI DOORZHG FODVV�N FDOOV� DQG WKH VDPSOHV WKDW IDOO RXWVLGH WKH UHDO DOORZHG VWDWH VSDFH 6
DUH UHMHFWHG� 7KH *LEEV VDPSOHU SURYLGHV D ZD\ RI JHQHUDWLQJ 0RQWH &DUOR VDPSOHV IURP
WKH VWDWH VSDFH 6� ZKLFK LV VLPSOH UHTXLULQJ RQO\ WKH JHQHUDWLRQ RI UDQGRP YDULDEOHV IURP
XQLYDULDWH WUXQFDWHG 3RLVVRQ GLVWULEXWLRQV IRU HDFK WUDQVLWLRQ� 7KH DGYDQWDJH LW KDV LV WKDW
LW PDQDJHV WR HOLPLQDWH WKH SUREOHP RI JHQHUDWLQJ ?PLVVHV� IURP WKH VWDWH VSDFH 6� 2Q
WKH RWKHU KDQG WKH JHQHUDWLRQ RI WUDQVLWLRQV IURP WKH 0DUNRY FKDLQ RI WKH *LEEV VDPSOHU
LV DOPRVW DV HDV\ DV IRU JHQHUDWLQJ WKHP IURP WKH HPEHGGHG 0DUNRY FKDLQ DVVRFLDWHG ZLWK
WKH DUULYDO DQG GHSDUWXUH HSRFKV RI WKH SURFHVV� 7KH VDPSOHV JHQHUDWHG IURP WKH 0&0&
PHWKRG DUH� KRZHYHU� PXFK OHVV FRUUHODWHG WKDQ WKH VDPSOHV IURP WKH HPEHGGHG 0DUNRY
FKDLQ�

�



��� 8QLIRUP 6DPSOLQJ ZLWK *LEEV 6DPSOHU

7KLV LGHD RI SDUWLWLRQLQJ WKH VWDWH VSDFH FDQ DOVR EH XVHG WR JHQHUDWH D XQLIRUP GLVWULEXWLRQ
RYHU WKH FRPSOHWH DOORZHG VWDWH VSDFH 6� ,Q JHQHUDO� LI ZH ZDQW WR WDNH XQLIRUPO\ GLVWULEXWHG
VDPSOHV IURP WKH VWDWH VSDFH ZH ZLOO KDYH S�[�  � 6 LQ HVWLPDWRU ���� ZKHUH 6 GHQRWHV
WKH VL]H RI WKH VWDWH VSDFH 6� 7KH XQLIRUP GLVWULEXWLRQ LV WULYLDOO\ RI WKH SURGXFW IRUP DQG
WKH *LEEV VDPSOHU LV DSSOLFDEOH� 1RZ VWDUWLQJ IURP WKH VWDWH ;e

Q WKH WUDQVLWLRQV JHQHUDWHG
ZLWK 3 �N� DUH REWDLQHG E\ GUDZLQJ [N RI WKH QH[W VWDWH IURP WKH XQLIRUP GLVWULEXWLRQ LQ WKH
UDQJH �� � � � � /N�;e

Q�� 7KH HVWLPDWRU IURP ��� IRU WKH EORFNLQJ SUREDELOLW\ RI D FODVV�N FDOO LV
WKHQ
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8VLQJ WKLV LQ ��� ZH JHW DQRWKHU HVWLPDWRU
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ZKHUH A*%
N LV WKH HVWLPDWRU IRU *

%
N  

3
[�%N I�[��

7KLV UDWLR HVWLPDWRU LV QR ORQJHU XQELDVHG� ,W LV VWURQJO\ FRQVLVWHQW WKRXJK� L�H� (> A%N@ �
%N� , � �� VLQFH ERWK A* � * DQG A*%

N � *%
N ZLWK SUREDELOLW\ � DV , � � E\ WKH ODZ RI

ODUJH QXPEHUV� 7KHQ WKH UDWLR RI A*%
N  
A* DSSURDFKHV *%

N  * DV , � ��
7KH XQLIRUP VDPSOLQJ PD\ QRW EH D YHU\ HmHFWLYH ZD\ WR GR WKH VDPSOLQJ� EHFDXVH LW RIWHQ
?ZDVWHV� WLPH RQ VDPSOLQJ HYHU\ SDUW RI WKH VWDWH VSDFH ZLWK HTXDO SUREDELOLW\� ZKHQ VRPH
SDUWV RI WKH VWDWH VSDFH DUH DFWXDOO\ PRUH LPSRUWDQW WKDQ WKH RWKHUV� ,Q SDUWLFXODU� LQ RXU
FDVH ZKHQ WKH GLVWULEXWLRQ {�[� LV FRQFHQWUDWHG LQ D VPDOO SDUW RI WKH VWDWH VSDFH 6� WKH
XQLIRUP VDPSOLQJ GRHV QRW QHFHVVDULO\ SURGXFH YHU\ JRRG UHVXOWV�

�



� ,PSURYHG *LEEV 6DPSOLQJ 0HWKRG

7KH PHWKRG DV GHVFULEHG LQ WKH SUHYLRXV FKDSWHU GRHV QRW \HW JLYH DQ\ VLJQLnFDQW LPSURYH�
PHQW RYHU WKH NQRZQ WHFKQLTXHV� :H FDQ� KRZHYHU� LPSURYH WKH HpFLHQF\ RI WKH PHWKRG
FRQVLGHUDEO\ E\ XWLOL]LQJ D SULRUL NQRZOHGJH DERXW WKH FRQGLWLRQDO GLVWULEXWLRQV RI WKH VHWV�

��� ,PSURYHG 3RLVVRQ 6DPSOLQJ

7KH LGHD LV VLPSOH� $W HDFK VWHS RI WKH FKDLQ� VWDUWLQJ IURP WKH FXUUHQW VWDWH ;e
Q� ZH PDNH

D ?YLUWXDO� WUDQVLWLRQ ZLWK WUDQVLWLRQ PDWUL[ 3 �N� WR WKH VWDWH <e
Q� 6LQFH LQ VWDWLRQDU\ VWDWH

;e
Q KDV WKH GLVWULEXWLRQ { DQG 3

�N� KDV WKH LQYDULDQFH SURSHUW\� WKH VWDWH<e
Q DIWHU WKH YLUWXDO

WUDQVLWLRQ DOVR KDV WKH GLVWULEXWLRQ {�

:H FDQ WKHQ XVH <e
Q DV D VDPSOH SRLQW LQVWHDG RI ;

e
Q DQG JHW WKH HVWLPDWRU
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1;

Q �
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Q
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1RZ LW LV SRVVLEOH WR WDNH LQWR DFFRXQW WKH HmHFW RI WKH H[WUD VWHS DQDO\WLFDOO\ E\ FDOFXODWLQJ
WKH H[SHFWDWLRQ RI ���� FRQGLWLRQHG RQ WKH ;e

Q �VHH $SSHQGL[ IRU D IRUPDO H[SODQDWLRQ RQ
WKLV VWHS�� 7KLV LV HDV\ WR GR VLQFH
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ZKHUH /N
Q  /N�;e

Q� LV WKH ODUJHVW YDOXH RI [N LQ WKH VHW $N
LN�;e

Q
�� 7KHQ RXU HVWLPDWRU EHFRPHV
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,Q HmHFW� E\ WKLV PHWKRG ZH KDYH LQFOXGHG WUDQVLWLRQV WR DOO VWDWHV LQ $N
LN�;e

Q
�� ,Q SDUWLFXODU�

D FRQWULEXWLRQ IURP D EORFNLQJ VWDWH LV REWDLQHG IRU HYHU\ SRLQW ;e
Q LQ WKH 0DUNRY FKDLQ�

)XUWKHUPRUH� QRWH WKDW WKH IXQFWLRQ IN�c� *N�c� FDQ EH SUHFRPSXWHG IRU DOO N DQG DOO UHTXLUHG
YDOXHV RI WKH DUJXPHQW� 1RWH DOVR WKDW RXU LPSURYHPHQW PHWKRG GRHV QRW UHTXLUH WKH XVH
RI WKH *LEEV VDPSOHU WR JHQHUDWH WKH VDPSOHV ;e

Q� $FWXDOO\� WKH\ FDQ EH JHQHUDWHG E\ DQ\
PHDQV SURYLGHG WKDW WKH ;e

Q KDYH WKH GLVWULEXWLRQ {� 7KXV XVLQJ WUDGLWLRQDO 0& VXPPDWLRQ
WHFKQLTXHV WR JHQHUDWH WKH ;e

Q LV DOVR SRVVLEOH�

,Q )LJ� � ZH KDYH WKH VDPH H[DPSOH DV LQ WKH SUHYLRXV FKDSWHU� 7KH nJXUH RQ WKH OHIW
LQGLFDWHV WKH VHWV WKDW ZRXOG EH FRYHUHG E\ WKLV SDUWLFXODU UHDOL]DWLRQ DQG WKH nJXUH RQ WKH
ULJKW LQGLFDWHV WKH RUGHU LQ ZKLFK WKH GLmHUHQW EORFNLQJ VWDWHV ZRXOG EH VDPSOHG DORQJ WKH
VLPXODWLRQ� 7KH VLPXODWLRQ VWDUWV IURP WKH VWDWH ��� �� DQG PRYHV WR VWDWH ��� ��� %ORFNLQJ

�



VWDWH ��� �� ZLOO WKHQ EH VDPSOHG nUVW IRU FODVV�� DQG VWDWH ��� �� DV WKH VHFRQG VDPSOH IRU
FODVV��� 7KHQ WKH SURFHVV PRYHV WR VWDWH ��� ��� 1RZ VWDWH ��� �� ZLOO EH WKH WKLUG VDPSOH
IRU D EORFNLQJ VWDWH IRU FODVV�� DQG VWDWH ��� �� ZLOO EH WKH IRXUWK VDPSOH IRU WKH EORFNLQJ
VWDWH IRU FODVV��� 7KLV FRPSOHWHV WKH nUVW VLPXODWLRQ F\FOH� 7KH nJXUH VKRZV D UHDOL]DWLRQ
RI WKUHH FRPSOHWH F\FOHV�

n2

n1

n2

n1
1

3, 5, 6, 8

2, 4

7, 9

10, 12

11

)LJXUH �� ,PSURYHG 0&0& VLPXODWLRQ H[DPSOH

��� ,PSURYHG 8QLIRUP 6DPSOLQJ

7KH LPSURYHPHQWV GHVFULEHG LQ WKH SUHYLRXV FKDSWHU FDQ DOVR EH XVHG ZKHQ VDPSOLQJ WKH
VWDWH VSDFH ZLWK D XQLIRUP GLVWULEXWLRQ� $JDLQ� OHW <e

Q GHQRWH WKH VWDWH DIWHU PDNLQJ D
YLUWXDO WUDQVLWLRQ IURP WKH VWDWH ;e

Q KDYLQJ WKH VWDWLRQDU\ GLVWULEXWLRQ DQG FRQVLGHU XVLQJ
<e

Q IRU WKH HVWLPDWRU
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&DOFXODWLQJ DQDO\WLFDOO\ WKH H[SHFWDWLRQ RI WKLV H[WUD YLUWXDO VWHS FRQGLWLRQHG RQ ;e
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ZKHUH WKH XQNQRZQ * FDQ VLPLODUO\ EH HVWLPDWHG XVLQJ WKH H[WUD ?YLUWXDO� VWHS�
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&RPELQLQJ ���� DQG ���� JLYHV WKH IROORZLQJ UDWLR HVWLPDWRU IRU WKH EORFNLQJ SUREDELOLWLHV
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$JDLQ� WKH IXQFWLRQV IN�c� DQG *N�c� FDQ EH VHSDUDWHO\ SUHFDOFXODWHG DQG VWRUHG LQWR DUUD\V
EHIRUH WKH DFWXDO VLPXODWLRQ UXQ�

� ,PSOHPHQWDWLRQ $VSHFWV

:KHQ GHYHORSLQJ PHWKRGV IRU VLPXODWLRQ RQH FRQVLGHUDWLRQ LV WKH FRPSXWDWLRQDO FRPSOH[LW\
RI WKH PHWKRG � +HUH ZH VKRZ WKDW WKH PHWKRG LV DFWXDOO\ YHU\ VLPSOH WR LPSOHPHQW DQG
GRHV QRW FRQVXPH PHPRU\ H[FHVVLYHO\ HLWKHU� 7KH IROORZLQJ LVVXHV GHWHUPLQH WKH HpFLHQF\
RI RXU PHWKRG�

�� 7R FROOHFW WKH VDPSOHV� ZKHQ FRQVLGHULQJ WKH ?YLUWXDO VWHS� IURP 3 �N�� ZH PXVW HYDOXDWH
IN�/

N
Q� *N�/

N
Q�� $V PHQWLRQHG EHIRUH� WKH YDOXHV RI WKLV UDWLR FDQ EH FDOFXODWHG LQ

DGYDQFH DQG VWRUHG LQWR DUUD\V� 7KLV UHTXLUHV IRU HDFK FODVV�N RQH DUUD\ RI OHQJWK
1PD[
N � GHQRWLQJ WKH PD[LPXP QXPEHU RI DOORZHG FODVV�N FDOOV� )RU XQLIRUP VDPSOLQJ

ZH PXVW VWRUH WZR DUUD\V� RQH FRQWDLQLQJ WKH IN�/
N
Q� YDOXHV DQG RQH FRQWDLQLQJ WKH

VXPV *N�/
N
Q�� 7KXV ZH QRWH WKDW� DFWXDOO\� WKH XVH RI WKH H[WUD DQDO\WLFDO VWHS GRHV

QRW LQFUHDVH WKH FRPSXWDWLRQDO FRPSOH[LW\ RI WKH VLPXODWLRQ DW DOO�

�� 7R LQFUHDVH HpFLHQF\ ZH QRWH WKDW DW HDFK VWDWH ;e
Q ZH FDQ GR WKH ?YLUWXDO VWHS� IRU

DOO GLUHFWLRQV� N  �� � � � � .� RI WKH V\VWHP�

�� 7R JHQHUDWH WKH DFWXDO WUDQVLWLRQV IURP 3 �N� LQ WKH 3RLVVRQ VDPSOLQJ FDVH ZH QHHG
WR JHQHUDWH UDQGRP YDULDEOHV KDYLQJ WKH WUXQFDWHG 3RLVVRQ GLVWULEXWLRQ LQ WKH UDQJH
�� � � � � /N

Q ZLWK WKH RmHUHG ORDG |N� )RU WKLV ZH DOVR QHHG RQH WUXQFDWHG 3RLVVRQ GLV�
WULEXWLRQ IRU HDFK WUDpF FODVV�N ZLWK PD[LPXP OHQJWK 1PD[

N � ,Q WKH LPSOHPHQWDWLRQ
RI WKH DOJRULWKP VHYHUDO WHFKQLTXHV FDQ WKHQ EH XVHG IRU LQFUHDVLQJ WKH ORRN�XS VSHHG
XVLQJ DSSURSULDWH GDWD VWUXFWXUHV� 1RWH WKDW WKH JHQHUDWLRQ RI WKH WUDQVLWLRQV LQ WKH
XQLIRUP VDPSOLQJ FDVH LV HDVLHU� L�H� ZH RQO\ QHHG WR JHQHUDWH D XQLIRUPO\ GLVWULEXWHG
UDQGRP YDULDEOH RYHU WKH UDQJH �� � � � � /N

Q� EXW RQ WKH RWKHU KDQG ZH PXVW FDOFXODWH DQ
H[WUD WHUP I �N��;e

Q� IRU HDFK VDPSOH�

��



� 1XPHULFDO 5HVXOWV

2XU QXPHULFDO H[DPSOH FRQVLVWV RI WKH VWDU QHWZRUN VWXGLHG E\ 5RVV >�� S� ���@ IRU WKH PRG�
HUDWH WUDpF FDVH DQG ZH FRPSDUH RXU UHVXOWV WR WKH UHVXOWV REWDLQHG XVLQJ WKH LPSRUWDQFH
VDPSOLQJ KHXULVWLFV LQ >�� FKDS� �@� 7KH QHWZRUN LV D VWDU QHWZRUN ZLWK � OLQNV RI FDSDFLW\
DURXQG ��� XQLWV DQG WKHUH DUH WZR VHUYLFH W\SHV UHTXLULQJ � RU � EDQGZLGWK XQLWV� 5RXWHV
DUH HVWDEOLVKHG EHWZHHQ DOO WKH OHDYHV RI WKH QHWZRUN IRU ERWK WUDpF FODVVHV JLYLQJ D WRWDO RI
�� FODVVHV� 7KH ORDG KDV EHHQ GLPHQVLRQHG VXFK WKDW WKH EORFNLQJ SUREDELOLWLHV DUH DURXQG
��b� � � � ��b��

7KH WDEOH EHORZ VKRZV WKH UHVXOWV ZH REWDLQHG IURP XVLQJ WKH LPSURYHG 3RLVVRQ VDPSOLQJ
DQG XQLIRUP VDPSOLQJ DQG WKH UHVXOWV RI 5RVV >�� S� ���@� $V FDQ EH VHHQ RXU UHVXOWV
VKRZ YHU\ JRRG PDWFKLQJ EHWZHHQ 5RVV
 UHVXOWV� 1RWH WKDW WKH UHVXOWV DUH H[SUHVVHG DV
SHUFHQWDJHV�

&ODVV 5RVV
 KHXULVWLF ,PSURYHG 0&0& �3RLVVRQ� ,PSURYHG 0&0& �8QLIRUP�
� ������� ������ ������� ������ ������� ������
� ������� ������ ������� ������ ������� ������
� ������� ������ ������� ������ ������� ������
� ������� ������ ������� ������ ������� ������
� ������� ������ ������� ������ ������� ������
� ������� ������ ������� ������ ������� ������
� ������� ������ ������� ������ ������� ������
� ������� ������ ������� ������ ������� ������
� ������� ������ ������� ������ ������� ������
�� ������� ������ ������� ������ ������� ������
�� ������� ������ ������� ������ ������� ������
�� ������� ������ ������� ������ ������� ������

+RZHYHU� 5RVV REWDLQHG KLV UHVXOWV E\ JHQHUDWLQJ ������ L�L�G� 0& VDPSOHV DQG ZH XVHG ��
LQGHSHQGHQW UXQV RI VLPXODWLRQV ZLWK ����� F\FOHV �HDFK URXJKO\ FRUUHVSRQGLQJ WR RQH 0&
VDPSOH�� ,Q RUGHU WR PDNH WKH UHVXOWV FRPSDUDEOH� ZH KDYH VFDOHG RXU UHVXOWV E\ PXOWLSO\LQJ
WKH FRQnGHQFH LQWHUYDOV E\

S
��� 7KH WDEOH EHORZ VKRZV WKH OHQJWKV RI WKH FRQnGHQFH

LQWHUYDOV IRU HDFK PHWKRG DIWHU WKH VFDOLQJ� $V H[SHFWHG� WKH XQLIRUP VDPSOLQJ PHWKRG
GRHV QRW JLYH SDUWLFXODUO\ JRRG UHVXOWV� EXW WKH 3RLVVRQ VDPSOLQJ PHWKRG JLYHV FRQnGHQFH
LQWHUYDOV DSSUR[LPDWHO\ KDOI RI WKRVH RI 5RVV
 UHVXOWV LQGLFDWLQJ FOHDU YDULDQFH UHGXFWLRQ�

��



&ODVV 5RVV
 KHXULVWLF ,PSURYHG 0&0& �3RLVVRQ� ,PSURYHG 0&0& �8QLIRUP�
� ����� ����� �����
� ����� ����� �����
� ����� ����� �����
� ����� ����� �����
� ����� ����� �����
� ����� ����� �����
� ����� ����� �����
� ����� ����� �����
� ����� ����� �����
�� ����� ����� �����
�� ����� ����� �����
�� ����� ����� �����

:H DOVR PDGH WHVWV RQ WKH UDUH HYHQW H[DPSOH RI +HHJDDUG >�@� EXW QRWLFHG D WHQGHQF\ WR
XQGHUHVWLPDWH WKH SUREDELOLWLHV� 7KH UHDVRQ LV WKDW ZKHQ SHUIRUPLQJ UDUH HYHQW VLPXODWLRQ
WKH 0DUNRY FKDLQ RI WKH *LEEV VDPSOHU LV FRQnQHG WR PRYH RQO\ ZLWKLQ D YHU\ VPDOO SDUW
RI WKH ZKROH VWDWH VSDFH� 7KHQ LW GRHV QRW QHFHVVDULO\ VDPSOH WKH PRVW LPSRUWDQW EORFNLQJ
VWDWHV IRU DOO WUDpF FODVVHV� 7KHUHIRUH� ZKHQ GHDOLQJ ZLWK UDUH HYHQW VLPXODWLRQ RXU LPSURYHG
PHWKRG QHHGV WR EH FRPELQHG ZLWK LPSRUWDQFH VDPSOLQJ PHWKRGV WR VKLIW WKH SUREDELOLW\
PDVV IURP YHU\ FORVH WR WKH RULJLQ RI WKH VWDWH VSDFH FORVHU WR WKH VWDWH VSDFH ERXQGDULHV�

� &RQFOXVLRQV

,Q WKLV DUWLFOH ZH KDYH SUHVHQWHG DQ HpFLHQW VLPXODWLRQ PHWKRG IRU FDOFXODWLQJ WKH EORFNLQJ
SUREDELOLWLHV IRU FDOOV LQ D PXOWLVHUYLFH ORVV V\VWHP� 7KH PHWKRG LV EDVHG RQ WKH XVH RI
WKH *LEEV VDPSOHU ZLWK DQ DSSURSULDWH SDUWLWLRQ RI WKH VWDWH VSDFH� :H DUH WKHQ DEOH WR
H[SORLW WKH SURGXFW IRUP VROXWLRQ E\ FDOFXODWLQJ DQDO\WLFDOO\ WKH HmHFW RI XVLQJ DV VDPSOHV
QRW WKH FXUUHQW VWDWH ;e

Q RI WKH VLPXODWLRQ RI WKH 0DUNRY FKDLQ� EXW D ?YLUWXDO� VDPSOH
JHQHUDWHG IURP WKH FXUUHQW VWDWH ZLWK D WUDQVLWLRQ PDWUL[ 3 �N�� ,W LV WKHQ SRVVLEOH WR FDOFXODWH
DQDO\WLFDOO\ WKH SUREDELOLW\ RI WKLV QHZ VDPSOH KLWWLQJ WKH EORFNLQJ VWDWH RI D FODVV�N FDOO�
7KXV IRU HDFK VWDWH LQ WKH FKDLQ ZH JHW D FRQWULEXWLRQ IURP WKH EORFNLQJ VWDWH IRU FODVV�
N FDOO ZLWKLQ WKH FXUUHQW VHW� )XUWKHUPRUH� WKLV FDQ EH GRQH LQ HDFK RI WKH . GLUHFWLRQV
RI WKH V\VWHP JLYLQJ D EORFNLQJ VDPSOH IRU HDFK WUDpF FODVV� 7KH LQFOXVLRQ RI WKLV H[WUD
DQDO\WLFDO VWHS LQ WKH VLPXODWLRQ JLYHV FOHDU UHGXFWLRQ LQ WKH YDULDQFH RYHU WKH WUDGLWLRQDO
0& VXPPDWLRQ WHFKQLTXHV DV VKRZQ E\ RXU QXPHULFDO UHVXOWV� $OVR� LW ZDV VKRZQ WKDW WKH
LPSURYHG PHWKRG GRHV QRW FDXVH H[FHVVLYH FRPSXWDWLRQDO FRPSOH[LW\�

��



$FNQRZOHGJHPHQW

7KH DXWKRUV ZLVK WR WKDQN 6DPXOL $DOWR IRU PDQ\ XVHIXO GLVFXVVLRQV GXULQJ WKH FRXUVH RI
WKH ZRUN�

5HIHUHQFHV

>�@ 0� $� &UDQH� '� /� ,JOHKDUW� ?6LPXODWLQJ 6WDEOH 6WRFKDVWLF 6\VWHPV� ,,,� 5HJHQHUDWLYH
3URFHVVHV DQG 'LVFUHWH (YHQW 6LPXODWLRQV�� 2SHUDWLRQV 5HVHDUFK YRO� ��� QR� �� ����

>�@ 0� $� &UDQH� $� -� /HPRLQH� ?$Q ,QWURGXFWLRQ WR WKH 5HJHQHUDWLYH 0HWKRG IRU 6LPX�
ODWLRQ $QDO\VLV�� 6SULQJHU�9HUODJ ����� ��� S�

>�@ 3� (� +HHJDDUG� ?(pFLHQW 6LPXODWLRQ RI 1HWZRUN 3HUIRUPDQFH E\ 6LPXODWLRQ�� ��WK
,QWHUQDWLRQDO 7HOHWUDpF FRQJUHVV � ,7& ��� :DVKLQJWRQ '�&�� 86$� ����� -XQH� �����
6HVVLRQ� 6LPXODWLRQ� 0HDVXUHPHQW DQG 'DWD $QDO\VLV

>�@ .� :� 5RVV� ?0XOWLVHUYLFH /RVV 0RGHOV IRU %URDGEDQG 7HOHFRPPXQLFDWLRQ 1HWZRUNV��
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ZKHUH ; LV D UDQGRP YDULDEOH ZLWK WKH GLVWULEXWLRQ S�[�� DQG WKH FRUUHVSRQGLQJ HVWLPDWRU
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ZKHUH ;Q DUH VDPSOHV RI WKH UDQGRP YDULDEOH ;�
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$VVXPH QRZ WKDW (>K�<� M ;@ FDQ EH FDOFXODWHG DQDO\WLFDOO\� 7KHQ D QHZ HVWLPDWRU IRU +
FDQ EH ZULWWHQ
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ZKLFK IRU HDFK VDPSOH ;Q LQFOXGHV DOO WKH SRLQWV UHDFKDEOH IURP ;Q ZLWK WKH WUDQVLWLRQ
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