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:H FRQVLGHU WKH FDOFXODWLRQ RI EORFNLQJ SUREDELOLWLHV LQ PXOWLFDVW WUHHV ZLWK G\QDPLF
PHPEHUVKLS� :H H[WHQG WKH ZRUN E\ .DUYR HW DO�� ZKHUH DQ DSSUR[LPDWH DOJRULWKP
EDVHG RQ WKH 5HGXFHG /RDG $SSUR[LPDWLRQ ZDV JLYHQ WR FDOFXODWH HQG�WR�HQG EORFN�
LQJ IRU LQnQLWH VL]HG XVHU SRSXODWLRQV LQ PXOWLFDVW QHWZRUNV� 7KH QHZ HQG�WR�HQG
FDOO EORFNLQJ DOJRULWKP IRU DQ DUELWUDU\ VL]HG XVHU SRSXODWLRQ LV EDVHG RQ WKH NQRZQ
EORFNLQJ SUREDELOLW\ DOJRULWKP LQ KLHUDUFKLFDO PXOWLVHUYLFH DFFHVV QHWZRUNV� ZKHUH
OLQN RFFXSDQF\ GLVWULEXWLRQV DUH DOWHUQDWHO\ FRQYROYHG DQG WUXQFDWHG� :H VKRZ WKDW
WKH DOJRULWKP FDQ EH DSSOLHG WR PXOWLFDVW WUHHV HPEHGGHG LQ D QHWZRUN ZLWK DQ DUEL�
WUDU\ WRSRORJ\ FDUU\LQJ DOVR QRQ�PXOWLFDVW WUDpF� 7KH UHVRXUFH VKDULQJ RI PXOWLFDVW
FRQQHFWLRQV� KRZHYHU� UHTXLUHV WKH PRGLnFDWLRQ RI WKH DOJRULWKP E\ XVLQJ D QHZ
W\SH RI FRQYROXWLRQ� WKH 25�FRQYROXWLRQ� ,Q DGGLWLRQ� ZH GLVFXVV VHYHUDO GLmHUHQW
XVHU SRSXODWLRQ PRGHOV IRU ZKLFK WKH DOJRULWKP LV DSSOLFDEOH�

.H\ ZRUGV� 0XOWLFDVW� EORFNLQJ� QHWZRUN� 25�FRQYROXWLRQ� RQH�WR�PDQ\� G\QDPLF
PHPEHUVKLS

� ,QWURGXFWLRQ

$ PXOWLFDVW WUDQVPLVVLRQ RULJLQDWHV DW D VRXUFH DQG� RSSRVHG WR D XQLFDVW
WUDQVPLVVLRQ� LV UHSOLFDWHG DW YDULRXV QHWZRUN QRGHV WR IRUP D WUHH�DQG�EUDQFK
VWUXFWXUH� 7KH WUDQVPLVVLRQ UHDFKHV PDQ\ GLmHUHQW HQG�XVHUV ZLWKRXW D VHSD�
UDWH WUDQVPLVVLRQ UHTXLUHG IRU HDFK XVHU� $ PXOWLFDVW FRQQHFWLRQ KDV WKHUHIRUH
D EDQGZLGWK VDYLQJ QDWXUH� %ORFNLQJ RFFXUV LQ D QHWZRUN ZKHQ� GXH WR OLP�
LWHG FDSDFLW\� DW OHDVW RQH OLQN RQ WKH URXWH LV QRW DEOH WR DGPLW D QHZ FDOO�
7UDGLWLRQDO PDWKHPDWLFDO PRGHOV WR FDOFXODWH EORFNLQJ SUREDELOLWLHV LQ WUHH�
VWUXFWXUHG QHWZRUNV H[LVW IRU XQLFDVW WUDpF� 'XH WR GLmHUHQW UHVRXUFH XVDJH�
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WKHVH PRGHOV FDQQRW GLUHFWO\ EH XVHG IRU PXOWLFDVW QHWZRUNV� 2QO\ UHFHQWO\�
KDYH PDWKHPDWLFDO PRGHOV WR FDOFXODWH EORFNLQJ SUREDELOLWLHV LQ PXOWLFDVW QHW�
ZRUNV EHHQ VWXGLHG�

7KH SDVW UHVHDUFK KDV PDLQO\ EHHQ IRFXVHG RQ EORFNLQJ SUREDELOLWLHV LQ PXO�
WLFDVW FDSDEOH VZLWFKHV� .LP >�@ VWXGLHG EORFNLQJ SUREDELOLWLHV LQ D PXOWLUDWH
PXOWLFDVW VZLWFK� 7KUHH VWDJH VZLWFKHV ZHUH VWXGLHG E\ <DQJ DQG :DQJ >��@
DQG /LVWDQWL DQG 9HOWUL >�@� 6WDVLDN DQG =ZLHU]\NRZVNL >��@ VWXGLHG EORFNLQJ
LQ DQ $70 QRGH ZLWK PXOWLFDVW VZLWFKLQJ QRGHV FDUU\LQJ GLmHUHQW PXOWL�UDWH
WUDpF �XQLFDVW DQG PXOWLFDVW�� XVLQJ .DXIPDQ�5REHUWV UHFXUVLRQ DQG 5HGXFHG
/RDG $SSUR[LPDWLRQ� $GPLVVLRQ FRQWURO DOJRULWKPV ZHUH VWXGLHG LQ >��@�

&KDQ DQG *HUDQLRWLV >�@ KDYH VWXGLHG EORFNLQJ GXH WR nQLWH FDSDFLW\ LQ QHWZRUN
OLQNV� 7KH\ IRUPXODWHG D FORVHG IRUP H[SUHVVLRQ IRU WLPH EORFNLQJ SUREDELOLWLHV
LQ D QHWZRUN WUDQVPLWWLQJ OD\HUHG YLGHR VLJQDOV� 7KH PRGHO LV D PXOWLSRLQW�WR�
PXOWLSRLQW PRGHO� 7KH QHWZRUN FRQVLVWV RI VHYHUDO YLGHR VRXUFHV� ZKHUH HDFK
VRXUFH QRGH FDQ DOVR DFW DV D UHFHLYHU� 7KH YLGHR VLJQDOV DUH FRGHG LQWR GLmHUHQW
OD\HUV GHnQLQJ WKH TXDOLW\ RI WKH YLGHR VLJQDO UHFHLYHG E\ WKH XVHU� 7KH WUDpF
FODVV LV GHnQHG E\ WKH WULSOHW� SK\VLFDO SDWK �S�� VRXUFH QRGH �V�� DQG FODVV RI
YLGHR TXDOLW\ �W�� 7KH EHKDYLRU RI HDFK XVHU LV PRGHOHG DV D WZR VWDWH 0DUNRY
FKDLQ� ZLWK XQLTXH WUDQVLWLRQ UDWHV GHnQHG IRU HDFK WUDpF FODVV WULSOHW�

.DUYR HW DO� >�@ DQG >�@ VWXGLHG EORFNLQJ LQ D SRLQW�WR�PXOWLSRLQW QHWZRUN ZLWK
RQO\ RQH VRXUFH QRGH� 7KH VRXUFH LV FDOOHG WKH VHUYLFH FHQWHU DQG LW FDQ RmHU
D YDULHW\ RI FKDQQHOV� H�J� 79�FKDQQHOV� 7KH XVHUV VXEVFULELQJ WR WKH QHWZRUN
PD\� DW DQ\ WLPH� MRLQ RU OHDYH DQ\ RI WKH VHYHUDO PXOWLFDVW WUHHV� HDFK FDUU\�
LQJ D VHSDUDWH PXOWLFDVW WUDQVPLVVLRQ RU FKDQQHO RmHUHG E\ WKH VRXUFH� 7KH
EHKDYLRU RI WKH XVHU SRSXODWLRQ GHnQHV WKH VWDWH SUREDELOLWLHV DW WKH OLQNV RI
WKH WUHH�VWUXFWXUHG QHWZRUN� 7KH XVHU SRSXODWLRQ LV DVVXPHG LQnQLWH DQG WKH
UHTXHVWV WR MRLQ WKH QHWZRUN DUULYH DV IURP D 3RLVVRQ SURFHVV� 7KH PRGHO VWXG�
LHG LQ >�@ FRQVLGHUHG D VLPSOLnHG FDVH ZKHUH DOO EXW RQH OLQN LQ D QHWZRUN KDYH
LQnQLWH FDSDFLW\� $Q H[DFW DOJRULWKP ZDV GHULYHG WR FDOFXODWH WKH FDOO EORFNLQJ
SUREDELOLW\ LQ WKLV VLPSOLnHG FDVH� ([WHQGLQJ WKH PRGHO WR WKH ZKROH QHWZRUN
ZDV GRQH RQO\ DSSUR[LPDWHO\ LQ >�@� ZKHUH HQG�WR�HQG EORFNLQJ SUREDELOLWLHV
ZHUH HVWLPDWHG XVLQJ WKH 5HGXFHG /RDG $SSUR[LPDWLRQ �5/$� DSSURDFK� 7KH
VLQJOH OLQN FDVH ZDV IXUWKHU EURDGHQHG E\ %RXVVHWD DQG %H\ORW >�@ E\ LQFOXGLQJ
ERWK PXOWLUDWH PXOWLFDVW DQG XQLFDVW WUDpF LQ WKHLU IRUPXODWLRQ�

,Q >�@ WKH VLQJOH OLQN FDVH GLVFXVVHG LQ >�@ DQG >�@ ZDV H[WHQGHG WR D PDWKHPDWL�
FDO PRGHO IRU D PXOWLFDVW QHWZRUN ZLWK DQ\ QXPEHU RI nQLWH FDSDFLW\ OLQNV DQG
DQ LQnQLWH XVHU SRSXODWLRQ� )XUWKHUPRUH� WKH FDVH RI KDYLQJ EDFNJURXQG WUDpF
RQ WKH OLQNV RI WKH QHWZRUN ZDV DOVR GLVFXVVHG� LQGHSHQGHQWO\ RI >�@� 7KH DLP
RI WKH SUHVHQW SDSHU LV WR VKRZ WKDW WKH H[DFW DOJRULWKP FDQ EH IRUPXODWHG
IRU DQ DUELWUDU\ VL]HG XVHU SRSXODWLRQ DQG DQ DUELWUDU\ VWUXFWXUHG QHWZRUN�
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7KLV SDSHU FRQWLQXHV ZLWK VHFWLRQ � ZKHUH WKH QRWDWLRQ XVHG WKURXJKRXW WKH
SDSHU LV SUHVHQWHG� :H DOVR GHnQH WKH OHDI OLQN VWDWH DQG VWDWH VSDFH� DQG
VKRZ KRZ WKH QHWZRUN VWDWH FDQ EH REWDLQHG IURP WKH OHDI OLQN VWDWHV� $IWHU
SUHVHQWLQJ VRPH IXQGDPHQWDO DVVXPSWLRQV� ZH VKRZ� LQ VHFWLRQ �� KRZ WKH OLQN
GLVWULEXWLRQV ZLWKLQ WKH QHWZRUN FDQ EH REWDLQHG IURP WKH OHDI OLQN GLVWULEX�
WLRQV YLD D QHZ FRQYROXWLRQ RSHUDWLRQ� WKH 25�FRQYROXWLRQ� ,Q VHFWLRQ �� IRXU
GLmHUHQW XVHU SRSXODWLRQ PRGHOV DUH LQWURGXFHG DQG WKH UHVXOWLQJ OHDI OLQN
GLVWULEXWLRQV DUH JLYHQ�

:H VWDUW WKH GHULYDWLRQ RI WKH DOJRULWKP� E\ VHSDUDWLQJ WKH WUHH�VWUXFWXUHG
PXOWLFDVW WUDQVPLVVLRQV IURP WKH VXUURXQGLQJ GLVWULEXWLRQ QHWZRUN� 7KH nUVW
PDLQ UHVXOW LV SUHVHQWHG LQ VHFWLRQ �� ,W JLYHV DQ H[SUHVVLRQ IRU WKH WLPH EORFN�
LQJ SUREDELOLW\ LQ D QHWZRUN ZLWK DQ\ QXPEHU RI nQLWH FDSDFLW\ OLQNV� DQG DQ
H[DFW DOJRULWKP IRU FDOFXODWLQJ WKLV EORFNLQJ SUREDELOLW\ LV LQWURGXFHG� 7KH
VHFWLRQ DOVR SUHVHQWV VRPH LVVXHV UHODWHG WR FRPSXWDWLRQDO HmRUW� ,Q VHFWLRQ
� LW LV VKRZQ KRZ WKH DOJRULWKP FDQ EH DSSOLHG IRU FDOFXODWLQJ FDOO EORFNLQJ
SUREDELOLWLHV XVLQJ GLmHUHQW XVHU PRGHOV� :LWK WKH DOJRULWKP GHULYHG LQ WKH
VLPSOLnHG VHWWLQJ� WKH DOJRULWKP LV HDVLO\ H[WHQGHG WR LQFOXGH QRQ�PXOWLFDVW
WUDpF RULJLQDWLQJ IURP RXWVLGH WKH WUHH�VWUXFWXUHG WUDQVPLVVLRQ QHWZRUN� 7KH
nQDO UHVXOW� DQ DOJRULWKP WR FDOFXODWH EORFNLQJ SUREDELOLWLHV LQ PXOWLFDVW WUHHV
HPEHGGHG LQ D QHWZRUN ZLWK DQ DUELWUDU\ WRSRORJ\ FDUU\LQJ DOVR QRQ�PXOWLFDVW
WUDpF LV SUHVHQWHG LQ VHFWLRQ �� 6HFWLRQ � SUHVHQWV VRPH QXPHULFDO UHVXOWV IRU
FDOO EORFNLQJ SUREDELOLWLHV� 7KH SDSHU LV FRQFOXGHG LQ VHFWLRQ ��

� 1HWZRUN PRGHO

,Q VHFWLRQV � WKURXJK �� ZH FRQVLGHU WKH WUHH�VWUXFWXUHG VXEQHWZRUN IRUPHG
E\ WKH URXWHG PXOWLFDVW FRQQHFWLRQV RULJLQDWLQJ IURP WKH VRXUFH� ,Q VHFWLRQ ��
ZH FRQVLGHU HPEHGGLQJ WKH G\QDPLF PXOWLFDVW WUHH QHWZRUN LQ DQ DUELWUDU\
VWUXFWXUHG QHWZRUN� 8QWLO WKHQ� ZH XVH WKH WHUP QHWZRUN WR UHIHU WR WKH WUHH�
VWUXFWXUHG PXOWLFDVW QHWZRUN�

��� 1RWDWLRQ

7KH QRWDWLRQ XVHG WKURXJKRXW WKLV SDSHU LV DV IROORZV� 7KH VHW RI DOO OLQNV LV
GHQRWHG E\ - � /HW 8 | - GHQRWH WKH VHW RI OHDI OLQNV� 7KH OHDI OLQN DQG XVHU
SRSXODWLRQ FRQQHFWHG WKURXJK WKH OHDI OLQN LV LQGH[HG E\ X � 8  I�� ���� 8J�
7KH VHW RI OLQNV RQ WKH URXWH IURP OHDI OLQN X WR WKH VRXUFH LV GHQRWHG E\ 5X�
0M DQG 1M VWDQG IRU WKH VHW RI DOO OLQNV GRZQVWUHDP OLQN M � - LQFOXGLQJ
OLQN M DQG WKH VHW RI GRZQVWUHDP OLQNV WHUPLQDWLQJ DW OLQN M � - � UHVSHFWLYHO\�
7KH VHW RI XVHU SRSXODWLRQV GRZQVWUHDP OLQN M LV GHQRWHG E\ 8M� 1RWH WKDW 8M
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LV DOVR WKH VHW RI OHDI OLQNV GRZQVWUHDP OLQN M� LQFOXGLQJ OLQN M LI OLQN M � 8 �
LQ RWKHU ZRUGV 8M  0M ? 8 � 7KH VHW RI FKDQQHOV RmHUHG E\ WKH VRXUFH LV
GHQRWHG E\ ,� ZLWK FKDQQHO L � I�� ��� ,J  ,� /HW G  IGL� L � ,J� ZKHUH GL
LV WKH FDSDFLW\ UHTXLUHPHQW RI FKDQQHO L� +HUH ZH DVVXPH WKDW WKH FDSDFLW\
UHTXLUHPHQWV GHSHQG RQO\ RQ WKH FKDQQHO� EXW OLQN GHSHQGHQFLHV FRXOG DOVR
EH LQFOXGHG LQWR WKH PRGHO� 7KH FDSDFLW\ RI WKH OLQN M LV GHQRWHG E\ &M� 7KH
GLmHUHQW VHWV DUH GHSLFWHG LQ nJXUH ��
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)LJ� �� ([DPSOH URXWHG PXOWLFDVW FRQQHFWLRQV WR VKRZ WKH QRWDWLRQ XVHG�

1RWH WKDW ZH KDYH \HW VSHFLnHG QHLWKHU WKH VL]H QRU WKH WUDpF SURFHVV RI WKH
XVHU SRSXODWLRQ� :H ZLOO SRVWSRQH WKLV GLVFXVVLRQ XQWLO VHFWLRQ � DQG VWDUW E\
GHnQLQJ WKH QHWZRUN VWDWH� VWDWH VSDFH DQG VWHDG\ VWDWH SUREDELOLWLHV LQ WHUPV
RI DQ DUELWUDU\ OHDI OLQN SURFHVV�

��� /LQN DQG QHWZRUN VWDWH

/HW WKH SDLU �X� L� � 8 d, GHQRWH D WUDpF FODVV� DOVR FDOOHG D FRQQHFWLRQ� 7KH
FRQQHFWLRQ VWDWH� ZKLFK PD\ EH Rm ��� RU RQ ���� LV GHQRWHG E\ <X�L � I�� �J�
7KH VWDWH YHFWRU <X  �<X�L� L � ,� � 6 GHnQHV WKH MRLQW VWDWH RI GLmHUHQW
FKDQQHOV RQ OHDI OLQN X � 8 � ZKHUH 6  I�� �J, GHQRWHV WKH OLQN VWDWH VSDFH�
6LPLODUO\� IRU DQ\ OLQN M � - WKH OLQN VWDWH LV GHQRWHG E\ WKH YHFWRU <M  
�<M�L� L � ,� � 6�

&RQVLGHU QRZ D QHWZRUN ZLWK DOO OLQNV KDYLQJ LQnQLWH FDSDFLW\� 7KH OHDI OLQN
VWDWHV <X MRLQWO\ GHnQH WKH QHWZRUN VWDWH ;�

;  �<X� X � 8�  �<X�L�X � 8 � L � ,� � l� ���

ZKHUH l  I�� �J8d, GHQRWHV WKH QHWZRUN VWDWH VSDFH�

25�RSHUDWLRQ� ,Q D WUHH�VWUXFWXUHG PXOWLFDVW QHWZRUN� ZKHUH WUDpF KDV
UHVRXUFH VKDULQJ FKDUDFWHULVWLFV� WKH OLQN VWDWHV DUH REWDLQHG IURP WKH OHDI OLQN
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VWDWHV XVLQJ WKH 25�RSHUDWLRQ� &RQVLGHU RQO\ WZR GRZQVWUHDP OLQNV V� W � 1Y

WHUPLQDWLQJ DW OLQN Y� ZKHUH V� W� Y � - � /HW \V�\W�\Y � 6 GHQRWH WKH VWDWHV
RI WKHVH WKUHH OLQNV� UHVSHFWLYHO\� &KDQQHO L LV LGOH LQ OLQN Y LI LW LV LGOH LQ ERWK
OLQNV V DQG W DQG DFWLYH LQ DOO RWKHU FDVHV� ZKLFK LV HTXLYDOHQW WR WKH ELQDU\
25�RSHUDWLRQ� ,Q RWKHU ZRUGV� IRU \V�\W � 6

\Y  \V j \W � 6� ���

ZKHUH WKH YHFWRU RSHUDWRU j GHQRWHV WKH 25�RSHUDWLRQ WDNHQ FRPSRQHQWZLVH�

,Q D PXOWLFDVW OLQN� WKH OLQN VWDWH GHSHQGV RQ WKH XVHU VWDWHV GRZQVWUHDP WKH
OLQN� ,I D FKDQQHO LV LGOH LQ DOO OLQNV GRZQVWUHDP OLQN M LW LV Rm LQ OLQN M DQG
LQ DOO RWKHU FDVHV WKH FKDQQHO LV DFWLYH� 7KH 25�RSHUDWLRQ JLYHV WKH OLQN VWDWH
<M  �<M�L� L � ,� � 6� M � - DV D IXQFWLRQ RI WKH QHWZRUN VWDWH� ;�
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<N � RWKHUZLVH �

+HUH� WKH ODVW IRUP LV JLYHQ WR PRWLYDWH WKH GHULYDWLRQ RI WKH UHFXUVLYH DOJR�
ULWKP SUHVHQWHG LQ VHFWLRQ ���� 1RWH WKDW� ZKHQ ;  [ WKH RFFXSLHG FDSDFLW\
RQ WKH OLQN M LV G c JM�[��

:KHQ WKH FDSDFLWLHV RI RQH RU PRUH OLQNV LQ WKH QHWZRUN DUH nQLWH� WKH QHWZRUN
VWDWH VSDFH l LV WUXQFDWHG DFFRUGLQJ WR WKH FDSDFLW\ UHVWULFWLRQV RQ HDFK OLQN
M � - � 7KH WUXQFDWHG VWDWH VSDFH� GHQRWHG E\ al� LV GHnQHG DV IROORZV

al  I[ � l M G c JM�[� � &M� �M � - J�

&RUUHVSRQGLQJO\� ZH GHQRWH E\ a; � al WKH VWDWH YHFWRU LQ WKH WUXQFDWHG VSDFH�

� 6WHDG\ VWDWH GLVWULEXWLRQ LQ D QHWZRUN ZLWK LQnQLWH OLQN FDSDFL�
WLHV

7KH QHWZRUN VWDWH LV MRLQWO\ GHnQHG E\ WKH OHDI OLQN VWDWHV� 8QGHU WKH DV�
VXPSWLRQ WKDW HDFK XVHU SRSXODWLRQ X � 8 LV LQGHSHQGHQW� DQG WKDW WKH OLQN
FDSDFLWLHV DUH LQnQLWH IRU DOO OLQNV LQ WKH QHWZRUN� WKH VWDWLRQDU\ GLVWULEXWLRQ
RI WKH QHWZRUN FDQ EH REWDLQHG IURP WKH OHDI OLQN GLVWULEXWLRQV� GHnQHG E\ WKH
XVHU SRSXODWLRQ FRQQHFWHG WKURXJK WKH OHDI OLQN� /HW XV DVVXPH WKDW WKH OHDI
OLQN GLVWULEXWLRQV� {X�\X�  3 �<X  \X�� X � 8 � DUH NQRZQ� )RU WKH ZKROH
QHWZRUN� WKH VWDWH SUREDELOLW\ KDV D SURGXFW IRUP�

{�[�  3 �;  [�  
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DV WKH XVHU SRSXODWLRQV DUH LQGHSHQGHQW�

��� 25�FRQYROXWLRQ

,Q VHFWLRQ ���� LW ZDV VKRZQ WKDW WKH OLQN VWDWH LV REWDLQHG E\ DQ 25�RSHUDWLRQ
RYHU DOO GRZQVWUHDP OHDI OLQN VWDWHV� 8QGHU WKH DVVXPSWLRQ RI LQGHSHQGHQW XVHU
SRSXODWLRQV DQG LQnQLWH OLQN FDSDFLWLHV� WKH OLQN GLVWULEXWLRQV FDQ EH REWDLQHG
XVLQJ D FRQYROXWLRQ RSHUDWLRQ� WKH 25�FRQYROXWLRQ�

7KH 25�FRQYROXWLRQ� GHQRWHG E\ l� LV WKH RSHUDWLRQ�

>IV l IW@�\Y�  
;

\Vj\W \Y

IV�\V�IW�\W�

GHnQHG IRU DQ\ UHDO YDOXHG IXQFWLRQV IV DQG IW�

7KH OLQN VWDWH GLVWULEXWLRQ LV REWDLQHG E\ 25�FRQYROYLQJ WKH DSSURSULDWH OHDI
OLQN GLVWULEXWLRQV� 7KXV� WKH OLQN VWDWH SUREDELOLW\� GHQRWHG E\ {M�\�� IRU \ � 6�
LV HTXDO WR

{M�\�  3 �<M  \� >
2
N�8M

{N@�\�  

�!!!!�
!!!!�

{M�\� � LI M � 8

>
2
N�1M

{N@�\� � RWKHUZLVH �

� 8VHU SRSXODWLRQ PRGHOV

,Q WKH SUHYLRXV VHFWLRQ� WKH VWHDG\ VWDWH GLVWULEXWLRQ RI WKH QHWZRUN ZDV GH�
nQHG LQ WHUPV RI WKH OHDI OLQN GLVWULEXWLRQV� 5HFDOO WKDW� DFFRUGLQJ WR RXU
QRWDWLRQ� WKH OHDI OLQN DQG WKH XVHU SRSXODWLRQ FRQQHFWHG WKURXJK WKH OHDI OLQN
DUH HTXLYDOHQW� &RQVHTXHQWO\� WKH XVHU SRSXODWLRQ PRGHO GHnQHV WKH OHDI OLQN
GLVWULEXWLRQ {X�\�� )RU WKH GHULYDWLRQ RI WKH EORFNLQJ DOJRULWKP WR IROORZ� ZH
IXUWKHU QHHG WR DVVXPH WKDW WKH EHKDYLRU RI WKH XVHU SRSXODWLRQ LV GHVFULEHG E\
D UHYHUVLEOH 0DUNRY SURFHVV� L�H� D 0DUNRY SURFHVV VDWLVI\LQJ WKH GHWDLOHG EDO�
DQFH HTXDWLRQV >�@� :H DUH DEOH WR ORRVHQ WKH DVVXPSWLRQ E\ DOORZLQJ JHQHUDO
KROGLQJ WLPH GLVWULEXWLRQV OHDGLQJ WR PRUH JHQHUDO SURFHVVHV� VHH DSSHQGL[
IRU WKH SURRI RI WKLV LQVHQVLWLYLW\ SURSHUW\� ,Q WKLV VHFWLRQ� ZH SUHVHQW IRXU
GLmHUHQW XVHU SRSXODWLRQ PRGHOV� :H nUVW FRQVLGHU D PRGHO IRU D VLQJOH XVHU
FKRRVLQJ IURP WKH VHW RI FKDQQHOV ,� 7KH VHFRQG PRGHO� SUHVHQWHG LQ VHFWLRQ
��� LV FRQVWUXFWHG DV D VSHFLDO FDVH RI WKH VLQJOH XVHU PRGHO� WKH VLQJOH XVHU
EHLQJ RQO\ FRQQHFWLRQ VSHFLnF� L�H� KDYLQJ RQO\ WKH SRVVLELOLW\ RI FKRRVLQJ D
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JLYHQ FKDQQHO L� :H FRQVWUXFW WKH OHDI OLQN GLVWULEXWLRQ E\ FRPELQLQJ WKH ,
VLQJOH XVHUV� RQH IRU HDFK FKDQQHO� 7KH PRVW JHQHUDO XVHU SRSXODWLRQ PRGHO�
WKH nQLWH XVHU SRSXODWLRQ PRGHO� LV SUHVHQWHG LQ VHFWLRQ ���� ,W LV D PRGHO IRU
D SRSXODWLRQ FRQVLVWLQJ RI 1 XVHUV HDFK KDYLQJ WKH ZKROH VHOHFWLRQ RI FKDQQHOV
WR FKRRVH IURP� :H VKRZ KRZ WKH VWHDG\ VWDWH SUREDELOLW\ IRU WKH SRSXODWLRQ
DQG WKXV IRU WKH OHDI OLQN FDQ EH REWDLQHG ZLWK WKH DLG RI WKH VLQJOH XVHU PRGHO
SUHVHQWHG LQ VHFWLRQ ���� ,Q VHFWLRQ ���� ZH VKRZ KRZ WKH XVHU SRSXODWLRQ IRU
D nQLWH QXPEHU RI XVHUV UHVXOWV LQ WKH LQnQLWH XVHU SRSXODWLRQ� SUHVHQWHG LQ
>�@� DV WKH QXPEHU RI XVHUV 1 WHQGV WR LQnQLW\� 7KH JLYHQ IRXU XVHU SRSXODWLRQ
PRGHOV DQG WKH FRUUHVSRQGLQJ IRXU OHDI OLQN GLVWULEXWLRQV FRYHU D ODUJH YDULHW\
RI UHDOLVWLF XVHU PRGHOV� )XUWKHUPRUH� HDFK PRGHO FDQ EH GHnQHG LQ WHUPV RI
WKH VLQJOH XVHU PRGHO SUHVHQWHG QH[W�

��� 7KH VLQJOH XVHU

)LUVW� ZH FRQVLGHU D PRGHO ZKHUH HDFK XVHU SRSXODWLRQ FRQVLVWV RI D VLQJOH
XVHU� /HW X � 8 � 8VHU X� FRQQHFWHG WKURXJK OHDI OLQN X� FDQ HLWKHU EH LQ WKH
LGOH VWDWH � RU FRQQHFWHG WR VRPH FKDQQHO L � ,� 7KH PRGHO SURSRVHG KHUH
LV D 0DUNRY SURFHVV ZLWK , � � VWDWHV� $OO WUDQVLWLRQV E\ XVHU X DUH PDGH
YLD WKH LGOH VWDWH� 7KH WUDQVLWLRQ UDWH IURP VWDWH � WR VWDWH L � , LV GHQRWHG
E\ wX�L  mLwX� ZKHUH mL LV WKH SUREDELOLW\ RI FKRRVLQJ FKDQQHO L DPRQJ WKH
FKDQQHO VHW ,� 7KH WUDQVLWLRQ UDWH IURP VWDWH L WR VWDWH � LV GHQRWHG E\ xL� 7KH
VWDWH WUDQVLWLRQ GLDJUDP RI WKH 0DUNRY SURFHVV LV VKRZQ LQ nJXUH ��
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)LJ� �� 7KH 0DUNRY SURFHVV XVHG WR PRGHO XVHU EHKDYLRU�

7KH VWHDG\ VWDWH SUREDELOLWLHV RI WKLV VLQJOH XVHU V\VWHP DUH

{X�L |X�L{X��

{X�� 
�
� �

,;
L �

|X�L

w
b�

�

ZKHUH |X�L  mLwX xL� %HFDXVH WKH VWDWH GLDJUDP RI WKH PRGHO ZDV FKRVHQ WR
EH D WUHH� WKH GHWDLOHG EDODQFH HTXDWLRQV DUH VDWLVnHG� ZKLFK FDQ DOVR EH VHHQ

�



GLUHFWO\�

{X��wX�L  {X�LxL� L � ,�

7KXV WKH SURFHVV LV UHYHUVLEOH� )XUWKHUPRUH� LW FDQ EH VKRZQ �FI� DSSHQGL[�
WKDW WKH LQVHQVLWLYLW\ SURSHUW\ DSSOLHV DQG WKH FKDQQHO KROGLQJ WLPHV DV ZHOO
DV WKH XVHU LGOH WLPHV FDQ EH JHQHUDOO\ GLVWULEXWHG ZLWK PHDQV � xL DQG � wX�
UHVSHFWLYHO\� OHDGLQJ WR D VHPL�0DUNRY SURFHVV�

7KH SUREDELOLW\ 3X WKDW XVHU X FRQQHFWV WR VRPH FKDQQHO LQ WKH PXOWLFDVW
QHWZRUN LV E\ GHnQLWLRQ

3X  

;
N�,

|X�N

� �
;
N�,

|X�N
� ���

IURP ZKLFK LW IROORZV WKDW

�b 3X  
�

� �
;
N�,

|X�N
 {X���

,Q DGGLWLRQ� WKH SDUDPHWHU AmL LV GHnQHG DV WKH FRQGLWLRQDO SUREDELOLW\ RI EHLQJ
LQ VWDWH L JLYHQ WKDW WKH XVHU FRQQHFWV WR WKH PXOWLFDVW QHWZRUN�

AmL  
|X�L3

N�, |X�N
 

mL xL3
N�, mN xN

� L � ,� ���

,W IROORZV WKDW {X�L LQ WHUPV RI 3X DQG AmL LV

{X�L  3XAmL� L � ,�

7KH VWHDG\ VWDWH SUREDELOLWLHV {X�\� IRU OHDI OLQN X WKHQ KDYH WKH IROORZLQJ
IRUP�

{X�\�  

�!!!!!!�
!!!!!!�

3XAmL � LI \  HL� L � ,�

�b 3X � LI \  ��

� � RWKHUZLVH�

���

1RWH WKDW LQ WKH OLPLW� ZKHQ WKH PHDQ LGOH WLPH � wQ � �� RXU PRGHO DOORZV
WKH XVHU WR VZLWFK GLUHFWO\ IURP RQH FKDQQHO WR DQRWKHU�

�



��� 7KH FRQQHFWLRQ VSHFLnF VLQJOH XVHU

,Q WKH SDSHU E\ &KDQ DQG *HUDQLRWLV >�@� HDFK XVHU RI D WUDpF FODVV �S� V� W� ZDV
PRGHOHG DV D WZR�VWDWH 0DUNRY FKDLQ ZLWK XQLTXH WUDQVLWLRQ UDWHV� 7KH XVHU
PRGHO FDQ EH REWDLQHG DV D VSHFLDO FDVH IURP WKH VLQJOH XVHU PRGHO SUHVHQWHG LQ
WKH SUHYLRXV VHFWLRQ� ,QVWHDG RI EHLQJ OHDI OLQN VSHFLnF� L�H� KDYLQJ D VHOHFWLRQ
RI FKDQQHOV WR FKRRVH IURP� HDFK XVHU LV QRZ FRQQHFWLRQ VSHFLnF� 7KH XVHU
LV GHQRWHG E\ WKH SDLU �X� L�� IRUPHUO\ GHQRWLQJ D FRQQHFWLRQ� %HKLQG HDFK
OHDI OLQN X WKHUH DUH , XVHUV� RQH IRU HDFK FKDQQHO L� 7KH 0DUNRY SURFHVV IRU
WKH FRQQHFWLRQ VSHFLnF XVHU �X� L� DUH REWDLQHG E\ VHWWLQJ WKH WUDQVLWLRQ UDWHV
wX�M  xM  �� IRU M � L� L � ,� 7KH 0DUNRY SURFHVV LV GHSLFWHG LQ nJXUH ��
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wX�L
xL

)LJ� �� 7KH 0DUNRY SURFHVV IRU WKH FRQQHFWLRQ VSHFLnF XVHU�

$V WKH FKDQQHOV DUH LQGHSHQGHQW� WKH XQUHVWULFWHG VWHDG\ VWDWH GLVWULEXWLRQ
IRU OHDI OLQN X LV WKHQ

{X�\�  
<
L�,

S\LX�L��b SX�L�
�b\L� ���

ZKHUH SX�L  
wX�L

wX�L�xL
�

$V WKH FRQQHFWLRQ VSHFLnF XVHU LV D VSHFLDO FDVH RI WKH VLQJOH XVHU� WKH LQVHQVL�
WLYLW\ SURSHUW\ DSSOLHV �FI� DSSHQGL[� DQG WKH FKDQQHO KROGLQJ WLPHV DV ZHOO DV
WKH XVHU LGOH WLPHV FDQ EH JHQHUDOO\ GLVWULEXWHG ZLWK PHDQV � xL DQG � wX�L�
UHVSHFWLYHO\�

��� 7KH nQLWH XVHU SRSXODWLRQ

&RQVLGHU D OHDI OLQN X ZLWK D XVHU SRSXODWLRQ RI VL]H 1 FRQQHFWHG WKURXJK
WKH OLQN� 8VHUV DUH DVVXPHG LQGHSHQGHQW DQG KRPRJHQHRXV� HDFK XVHU EHLQJ
PRGHOHG DFFRUGLQJ WR WKH VLQJOH XVHU PRGHO RI VHFWLRQ ���� :H FDQ REWDLQ WKH
XQUHVWULFWHG OHDI OLQN GLVWULEXWLRQ {X�\� LQ WHUPV RI WKH VLQJOH XVHU GLVWULEXWLRQ
JLYHQ LQ ���� 7R GR WKLV� ZH FRQVWUXFW WKH nQLWH XVHU SRSXODWLRQ RI VL]H 1
IURP VLQJOH XVHUV� E\ HQYLVDJLQJ WKDW GRZQVWUHDP OHDI OLQN X WKHUH DUH 1
OLQNV ZLWK LQnQLWH FDSDFLW\ HDFK KDYLQJ D VLQJOH XVHU FRQQHFWHG WKURXJK� ,Q
RWKHU ZRUGV� ZH FUHDWH D QHZ K\SRWKHWLFDO VHW 8X RI XVHUV GRZQVWUHDP OLQN X�
,I HDFK XVHU KDV WKH VDPH SUREDELOLW\ 3X WR VXEVFULEH WR WKH QHWZRUN DQG D
VWHDG\ VWDWH GLVWULEXWLRQ JLYHQ E\ HTXDWLRQ ���� WKHQ WKH 25�FRQYROXWLRQ JLYHV
WKH GLVWULEXWLRQ IRU WKH DFWXDO OHDI OLQN X VHUYLFLQJ WKH SRSXODWLRQ RI 1 XVHUV�

�



7KXV� WKH VWDWH SUREDELOLW\� GHQRWHG E\ {X�\�� IRU \ � 6� LV HTXDO WR

{X�\�  3 �<X  \�  >
2
N�8X

{N@�\�� ���

$V WKH nQLWH XVHU SRSXODWLRQ FDQ EH REWDLQHG IURP WKH VLQJOH XVHU PRGHO� WKH
LQVHQVLWLYLW\ SURSHUW\ DSSOLHV �FI� DSSHQGL[� DQG WKH FKDQQHO KROGLQJ WLPHV DV
ZHOO DV WKH XVHU LGOH WLPHV FDQ EH JHQHUDOO\ GLVWULEXWHG ZLWK PHDQV � xL DQG
� wX�L� UHVSHFWLYHO\�

7KH OHDI OLQN GLVWULEXWLRQ JLYHQ LQ HTXDWLRQ ��� FDQ DOVR EH REWDLQHG E\ FDOFX�
ODWLQJ WKH VWDWH SUREDELOLWLHV RI M8XM  1 XVHUV� XVLQJ D PXOWLQRPLDO GLVWULEX�
WLRQ ZLWK SDUDPHWHUV SL  3XAmL� IRU L � , DQG S�  �b 3X�

3 �f  z M f� � ���� f,  1�  

�!�
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4,
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S
zL
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zL�
� LI z� � ���� z,  1�

� � RWKHUZLVH�
���

ZKHUH f  �fL� L  �� ���� ,� LV WKH VWDWH YHFWRU� fL � 1� 7KH VWDWH SUREDELOL�
WLHV JLYHQ LQ HTXDWLRQ ��� DUH REWDLQHG E\ VXPPLQJ WKH VWDWH SUREDELOLWLHV RI
HTXDWLRQ ��� WR WDNH LQWR DFFRXQW WKH PXOWLFDVW FRQGLWLRQV�

��� 7KH LQnQLWH XVHU SRSXODWLRQ

$V WKH QXPEHU RI XVHUV 1 EHORQJLQJ WR XVHU SRSXODWLRQ X WHQGV WR LQnQLW\�
WKH SRSXODWLRQ PRGHO FRQYHUJHV WR WKH LQnQLWH SRSXODWLRQ PRGHO SUHVHQWHG E\
.DUYR HW DO� >�@� 7KLV LV HDVLO\ VHHQ� DV WKH PXOWLQRPLDO GLVWULEXWLRQ ZLWK SD�
UDPHWHUV SL  3XAmL DQG H[SHFWHG YDOXHV 13XAmL FRQYHUJHV WR WKH MRLQW GLVWULEX�

WLRQ RI LQGHSHQGHQW 3RLVVRQ GLVWULEXWHG YDULDEOHV ZLWK SDUDPHWHU DX�L  
AwX
xL
mL�

:ULWLQJ WKH H[SHFWHG YDOXH ZLWK WKH KHOS RI HTXDWLRQV ��� DQG ��� JLYHV�

13XAmL  1

wX
;
N�,

mN xN

� � wX
;
N�,

mN xN

mL xL;
N�,

mN xN

7KH OLPLW RI WKH H[SHFWHG YDOXH 13XAmL LV WKHQ�
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ZKHUH OLP
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7KH nQLWH XVHU SRSXODWLRQ PRGHO WKHUHIRUH FRQYHUJHV WR WKH LQnQLWH XVHU SRS�
XODWLRQ PRGHO SUHVHQWHG LQ >�@� 7KH UHYHUVLEOH 0DUNRY SURFHVV IRU WKH LQnQLWH
XVHU SRSXODWLRQ LV WKH MRLQW TXHXH OHQJWK RI , LQGHSHQGHQW 0 0 � TXHXHV�
7KH XQUHVWULFWHG VWDWLRQDU\ GLVWULEXWLRQ IRU OHDI OLQN X ZLWK DQ LQnQLWH VL]HG
XVHU SRSXODWLRQ FRQQHFWHG WKURXJK LV WKXV

{X�\�  
<
L�,

��b HbDX�L�\L�HbDX�L��b\L� ����

1RWH IXUWKHU WKH VLPLODULW\ EHWZHHQ HTXDWLRQV ��� DQG ����� ,Q ERWK PRGHOV WKH
VWDWLRQDU\ OHDI OLQN GLVWULEXWLRQ LV WKH MRLQW GLVWULEXWLRQ RI FRQQHFWLRQ VSHFLnF
XVHU SRSXODWLRQV� 7KH HTXDWLRQV GLmHU RQO\ LQ WKH SUREDELOLW\ RI FRQQHFWLQJ WR
WKH FKDQQHO�

wX�L

wX�L�xL
DQG �bHbDX�L UHVSHFWLYHO\� )RU WKH LQnQLWH XVHU SRSXODWLRQ

PRGHO� WKH LQVHQVLWLYLW\ SURSHUW\ DSSOLHV �FI� DSSHQGL[� DQG WKH FKDQQHO KROG�
LQJ WLPHV FDQ EH JHQHUDOO\ GLVWULEXWHG ZLWK PHDQ � xL� OHDGLQJ WR LQGHSHQGHQW
0 * � TXHXHV�

� 7LPH EORFNLQJ LQ D PXOWLFDVW WUHH QHWZRUN

:KHQ WKH FDSDFLWLHV RI RQH RU PRUH OLQNV LQ WKH QHWZRUN DUH nQLWH� WKH QHWZRUN
VWDWH VSDFH LV UHSODFHG E\ WKH WUXQFDWHG QHWZRUN VWDWH VSDFH al� ,Q WKH SUHYL�
RXV VHFWLRQ ZH VSHFLnHG IRXU GLmHUHQW XVHU PRGHOV� $VVXPLQJ LQGHSHQGHQW XVHU
SRSXODWLRQV� L�H� LQGHSHQGHQW OHDI OLQN GLVWULEXWLRQV� WKH VWDWH SUREDELOLWLHV RI
WKH WUXQFDWHG V\VWHP GLmHU IURP WKRVH RI DQ LQnQLWH V\VWHP RQO\ E\ WKH QRU�
PDOL]DWLRQ FRQVWDQW *�al�  

3
[�al {�[�� 7KLV UHVXOW� NQRZQ DV WKH WUXQFDWLRQ

SULQFLSOH� DSSOLHV LI WKH LGOH DQG KROGLQJ WLPH GLVWULEXWLRQV DUH H[SRQHQWLDO� DV
WKH UHVXOWLQJ VWDWH YHFWRU a; LV D UHYHUVLEOH 0DUNRY SURFHVV �FI� H�J� >�@�� )RU
JHQHUDO LGOH DQG KROGLQJ WLPH GLVWULEXWLRQV� WKH DSSOLFDELOLW\ RI WKH WUXQFDWLRQ
SULQFLSOH LV VKRZQ LQ DSSHQGL[� 7KH VWDWH SUREDELOLWLHV RI WKH WUXQFDWHG V\VWHP
DUH WKHUHIRUH

a{�[�  3 � a;  [� 3 �;  [ M ; � al�  {�[�

*�al�
� IRU [ � al� ����

:KHQ WKH FDSDFLWLHV RI WKH OLQNV DUH nQLWH� EORFNLQJ RFFXUV� $ FDOO EHORQJLQJ WR
WUDpF FODVV �X� L� LV EORFNHG LI WKHUH LV QRW HQRXJK FDSDFLW\ LQ WKH QHWZRUN WR
VHW XS WKH FRQQHFWLRQ� 1RWH WKDW� RQFH FKDQQHO L LV DFWLYH RQ DQ\ OLQN EHORQJLQJ
WR WKH URXWH 5X RI XVHU SRSXODWLRQ X� QR H[WUD FDSDFLW\ LV UHTXLUHG RQ WKDW
OLQN IRU D QHZ FRQQHFWLRQ �X� L�� /HW XV GHnQH DQRWKHU WUXQFDWHG VHW alX�L | al

��



ZLWK D WLJKWHU FDSDFLW\ UHVWULFWLRQ IRU WKH OLQNV RQ URXWH 5X�

alX�L  I[ � l M G c
t
JM�[�j �HL�M�5X

�
u
� &M� �M � - J�

ZKHUH HL LV WKH ,�GLPHQVLRQDO YHFWRU FRQVLVWLQJ RI RQO\ ]HURV H[FHSW IRU D RQH
LQ WKH LWK FRPSRQHQW� DQG �M�5X

LV WKH LQGLFDWRU IXQFWLRQ HTXDO WR RQH IRU
M � 5X DQG ]HUR RWKHUZLVH� 7KLV VHW GHnQHV WKH VWDWHV ZKHUH EORFNLQJ GRHV
QRW RFFXU ZKHQ XVHU X UHTXHVWV D FRQQHFWLRQ WR FKDQQHO L� 7KH WLPH EORFNLQJ
SUREDELOLW\ EWL IRU WUDpF FODVV �X� L� LV WKXV�

EWX�L  �b 3 � a; � alX�L�  �b *�alX�L�

*�al�
�

7KLV DSSURDFK UHTXLUHV FDOFXODWLQJ WZR VWDWH SUREDELOLW\ VXPV� RQH RYHU WKH
VHW RI QRQ�EORFNLQJ VWDWHV DSSHDULQJ LQ WKH QXPHUDWRU DQG DQRWKHU RQH RYHU
WKH VHW RI DOORZHG VWDWHV DSSHDULQJ LQ WKH GHQRPLQDWRU RI HTXDWLRQ ����

7KH PXOWLFDVW RQH�WR�PDQ\ FRQQHFWLRQV IRUP D WUHH�W\SH VWUXFWXUH� DQG PXFK
RI WKH WKHRU\ LQ FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ KLHUDUFKLFDO PXOWLVHUYLFH
DFFHVV QHWZRUNV >�@ FDQ EH XVHG WR IRUPXODWH WKH HQG�WR�HQG EORFNLQJ SURED�
ELOLW\ DOJRULWKP LQ D PXOWLFDVW QHWZRUN DV ZHOO�

��� 7KH DOJRULWKP

8VLQJ WKH DQDORJ\ WR WUHH�VWUXFWXUHG DFFHVV QHWZRUNV� WKH WLPH EORFNLQJ SURE�
DELOLW\ LV FDOFXODWHG E\ UHFXUVLYHO\ FRQYROYLQJ WKH VWDWH GLVWULEXWLRQV RI LQGL�
YLGXDO OLQNV SURFHHGLQJ IURP WKH OHDI OLQNV WR WKH RULJLQ OLQN� DQG DW HDFK VWHS�
WUXQFDWLQJ WKH OLQN GLVWULEXWLRQV DFFRUGLQJ WR WKH FDSDFLW\ UHVWULFWLRQ RI WKH
OLQN�

,Q RUGHU WR FDOFXODWH WKH GHQRPLQDWRU RI HTXDWLRQ ���� OHW XV GHnQH D QHZ
VXEVHW a6M RI WKH VHW RI OLQN VWDWHV� 6�

a6M  I\ � 6 M G c \ � &MJ� IRU M � - �

7KH FRUUHVSRQGLQJ WUXQFDWLRQ RSHUDWRU DFWLQJ RQ DQ\ UHDO YDOXHG IXQFWLRQ I
LV GHnQHG DV

7MI�\�  I�\��
\� a6M

� ����

)RU \ � 6 OHW

4M�\�  3 �<M  \�<N � a6N� �N � 0M�� ����
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,W IROORZV WKDW WKH 4M�\� FDQ EH FDOFXODWHG UHFXUVLYHO\�

4M�\�  

�!!!!�
!!!!�

7M{M�\� � LI M � 8

7M>
2
N�1M

4N@�\� � RWKHUZLVH�

1RWH WKDW� LI WKH FDSDFLW\ FRQVWUDLQW RI OLQN M � 0M LV UHOD[HG� WKHQ WKH
EUDQFKHV WHUPLQDWLQJ DW OLQN M DUH LQGHSHQGHQW� DQG WKH SUREDELOLWLHV RI WKH
MRLQWO\ UHTXHVWHG FKDQQHO VWDWH FDQ EH REWDLQHG E\ WKH 25�FRQYROXWLRQ� 7KH
HmHFW RI WKH nQLWH FDSDFLW\ &M RI OLQN M LV WKHQ MXVW WKH WUXQFDWLRQ RI WKH
GLVWULEXWLRQ WR WKH VWDWHV IRU ZKLFK WKH UHTXHVWHG FDSDFLW\ LV QR PRUH WKDQ &M�

7KH VWDWH VXP *�al� QHHGHG WR FDOFXODWH WKH EORFNLQJ SUREDELOLW\ LQ HTXDWLRQ
��� LV HTXDO WR

*�al�  
;
\�6

4-�\��

ZKHUH 4-�\� LV WKH SUREDELOLW\ ���� UHODWHG WR WKH FRPPRQ OLQN M  - �

6LPLODUO\ IRU WKH QXPHUDWRU RI HTXDWLRQ ���� OHW a6X�L
M | a6M EH GHnQHG DV WKH

VHW RI VWDWHV RQ OLQN M WKDW GR QRW SUHYHQW XVHU X IURP FRQQHFWLQJ WR PXOWLFDVW
FKDQQHO L� L�H�

a6X�L
M  I\ � 6 M G c

t
\ j �HL�M�5X
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u
� &MJ� IRU M � - �

7KH WUXQFDWLRQ RSHUDWRU LV WKHQ

7 X�L
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)RU \ � 6 OHW
4X�L
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6LPLODUO\� DV DERYH� LW IROORZV WKDW

4X�L
M �\�  
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7 X�L
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7 X�L
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4X�L
N @�\� � RWKHUZLVH�

7KH VWDWH VXP LQ WKH QXPHUDWRU RI HTXDWLRQ ��� LV WKHQ
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;
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ZKHUH 4X�L
- �\� LV WKH SUREDELOLW\ ���� UHODWHG WR WKH FRPPRQ OLQN M  - �

)LQDOO\� WKH EORFNLQJ SUREDELOLW\ LQ HTXDWLRQ ��� LV

EWX�L  �b
3

\�6 4
X�L
- �\�3

\�6 4-�\�
�

��� &RPSXWDWLRQDO FRPSOH[LW\

7KH FRPSOH[LW\ RI WKH DOJRULWKP LQFUHDVHV H[SRQHQWLDOO\ ZLWK WKH QXPEHU
RI FKDQQHOV� DV WKH QXPEHU RI VWDWHV LQ HDFK RI WKH GLVWULEXWLRQV WR EH FRQ�
YROYHG LV �, � 7KLV FDQ EH VHHQ E\ LQYHVWLJDWLQJ WKH FRPSXWDWLRQDO HmRUW RI
WKH 25�FRQYROXWLRQ DOJRULWKP� 7KH FRPSXWDWLRQDO HmRUW RI FRQYROYLQJ WZR
VWDWH YHFWRUV RI OHQJWK �, LV 2���, b ����� +RZHYHU� WKH WRWDO FRPSXWDWLRQDO
HmRUW RI WKH 25�FRQYROXWLRQ DOJRULWKP LQ D QHWZRUN ZLWK 8 XVHU SRSXODWLRQV�
2��8 b ����, b ����  2�8��,�� JURZV RQ OLQHDUO\ ZLWK UHVSHFW WR 8 � LUUHVSHF�
WLYH RI WKH QXPEHU RI OLQNV - � 7KLV FDQ EH FRPSDUHG WR D EUXWH IRUFH DSSURDFK
RI JRLQJ WKURXJK DOO WKH �8, QHWZRUN VWDWHV DQG VXPPLQJ WKH SUREDELOLWLHV
RI WKRVH ZKLFK VDWLVI\ WKH FRQGLWLRQV RI DQ DOORZHG VWDWH� &OHDUO\� WKH FRP�
SXWDWLRQDO HmRUW RI WKH 25�FRQYROXWLRQ DOJRULWKP JURZV H[SRQHQWLDOO\ DV WKH
QXPEHU , RI FKDQQHOV JURZV� EXW LW GRHV QRW GHSHQG FULWLFDOO\ RQ WKH VL]H RI
WKH QHWZRUN� GHnQHG E\ WKH QXPEHU RI XVHU SRSXODWLRQV� DV LV WKH FDVH ZLWK
WKH EUXWH IRUFH PHWKRG�

� &DOO EORFNLQJ LQ D PXOWLFDVW WUHH QHWZRUN

8QWLO QRZ� ZH KDYH VKRZQ KRZ WKH H[DFW DOJRULWKP FDQ EH XVHG WR FDOFXODWH
WLPH EORFNLQJ SUREDELOLWLHV LQ SRLQW�WR�PXOWLSRLQW PXOWLFDVW QHWZRUNV� ZLWK
DUELWUDU\ VL]HG XVHU SRSXODWLRQV� +RZHYHU� FDOO EORFNLQJ SUREDELOLW\ LV RIWHQ
RI PRUH LQWHUHVW� ,Q >�@ FDOO EORFNLQJ EFL ZDV GHnQHG IRU WKH PXOWLFDVW QHWZRUN�
FDOO EORFNLQJ RFFXUV ZKHQ D XVHU LV QRW DEOH WR VXEVFULEH WR FKDQQHO L�

��� &DOO EORFNLQJ ZLWK LQnQLWH XVHU SRSXODWLRQV

'XH WR 3RLVVRQ DUULYDOV� WKH WLPH EORFNLQJ SUREDELOLW\ IRU WKH LQnQLWH XVHU
SRSXODWLRQ LV HTXDO WR WKH FDOO EORFNLQJ SUREDELOLW\� 7KHUHIRUH� QR PRGLnFDWLRQV
RI WKH DOJRULWKP DUH QHHGHG� 1RWH WKDW WKH VLQJOH OLQN PRGHO E\ .DUYR HW DO�
>�@ LV D VSHFLDO FDVH RI WKH QHWZRUN PRGHO GHULYHG LQ WKLV SDSHU� DQG KHQFH
WKH VDPH UHVXOWV FDQ EH REWDLQHG XVLQJ WKH QHWZRUN DOJRULWKP� )RU QXPHULFDO
UHVXOWV� UHIHU WR >�@�

��



��� &DOO EORFNLQJ ZLWK VLQJOH XVHUV

7KH 0DUNRY SURFHVV PRGHO WKDW GHVFULEHV WKH EHKDYLRU RI D VLQJOH XVHU ZDV
SUHVHQWHG LQ VHFWLRQ ���� 7KH PRGHO DVVXPHV WKDW HDFK XVHU LV VXEVFULEHG WR RQH
FKDQQHO DW D WLPH DQG D UHTXHVW IRU D QHZ FKDQQHO FDQ RFFXU RQO\ WKURXJK WKH
LGOH VWDWH� $ XVHU H[SHULHQFHV FDOO EORFNLQJ� ZKHQ WKHUH LV QRW HQRXJK FDSDFLW\
WR WXUQ WKH FKDQQHO RQ� &DOO EORFNLQJ IRU XVHU X LV HTXDO WR WLPH EORFNLQJ LQ D
QHWZRUN ZKHUH XVHU X LV UHPRYHG� 7KLV IROORZV HDVLO\ IURP WKH SURGXFW IRUP
VWDWH GLVWULEXWLRQ� 5HPRYLQJ XVHU X IURP WKH QHWZRUN LV HTXLYDOHQW WR VHWWLQJ
XVHU X LQ VWDWH ��

{X�\�  
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� � LI \  ��

� � RWKHUZLVH�
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)RU DOO RWKHU M � 8 WKH VWDWH SUREDELOLWLHV DUH JLYHQ E\ HTXDWLRQ ����

$V GHVFULEHG LQ VHFWLRQ � WKH OHDI OLQN GLVWULEXWLRQV GHnQH WKH QHWZRUN GLV�
WULEXWLRQ DQG E\ XVLQJ WKH VWDWH SUREDELOLWLHV GHnQHG DERYH� WKH DOJRULWKPV
SUHVHQWHG LQ VHFWLRQ ��� FDQ EH XVHG WR FDOFXODWH WKH WLPH EORFNLQJ LQ WKH
UHGXFHG V\VWHP� 7KH UHVXOWLQJ HQG�WR�HQG FDOO EORFNLQJ SUREDELOLW\ LV�
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��� &DOO EORFNLQJ ZLWK FRQQHFWLRQ VSHFLnF XVHUV

7KH FRQQHFWLRQ VSHFLnF XVHU PRGHO SUHVHQWHG LQ VHFWLRQ ��� LV D VSHFLDO FDVH
RI WKH VLQJOH XVHU PRGHO� DQG WKH FDOO EORFNLQJ SUREDELOLW\ LV FDOFXODWHG LQ
D VLPLODU IDVKLRQ� 7KH HQG�WR�HQG FDOO EORFNLQJ SUREDELOLW\ IRU XVHU �X� L� LV
REWDLQHG XVLQJ WKH WLPH EORFNLQJ DOJRULWKP WR D QHWZRUN ZKHUH XVHU �X� L� LV
UHPRYHG� ,Q RWKHU ZRUGV� E\ UHSODFLQJ {X�\� ZLWK WKH VWDWH SUREDELOLW\

{�L�
X �\�  

<
M�,QILJ

S
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��b\M��

)RU DOO WKH RWKHU XVHUV� HTXDWLRQ ��� LV XVHG�

��� &DOO EORFNLQJ ZLWK nQLWH XVHU SRSXODWLRQV

)RU D nQLWH XVHU SRSXODWLRQ ZLWK 1 ! �� WKH FDOO EORFNLQJ SUREDELOLW\ FDQ
EH FDOFXODWHG E\ HQYLVDJLQJ WKH XQGHUO\LQJ VLQJOH XVHU SURFHVVHV GRZQVWUHDP
WKH OHDI OLQN� DV ZDV GRQH LQ VHFWLRQ ���� L�H� E\ LPDJLQLQJ WKDW HDFK XVHU LV
FRQQHFWHG WR WKH OHDI OLQN E\ D VHSDUDWH LQnQLWH FDSDFLW\ OLQN� 7KH FDOO EORFNLQJ
SUREDELOLW\ LV WKHQ HTXDO WR WKH FDOO EORFNLQJ SUREDELOLW\ RI D VLQJOH XVHU LQ WKLV
H[WHQGHG V\VWHP�

� %ORFNLQJ LQ D PXOWLFDVW WUHH HPEHGGHG LQ D ODUJHU QHWZRUN

8QWLO QRZ� RQO\ WKH WUHH�VWUXFWXUHG SDUW RI WKH QHWZRUN� UHVXOWLQJ IURP WKH
PXOWLFDVW WUDpF RmHUHG E\ WKH VRXUFH ZDV FRQVLGHUHG� $V PHQWLRQHG HDUOLHU�
WKH DOJRULWKP FDQ EH H[WHQGHG WR JHQHUDOO\ VWUXFWXUHG QHWZRUNV� ZLWK PL[HG
WUDpF� ,Q WKLV FDVH� WKH WUHH�VWUXFWXUHG GLVWULEXWLRQ SRUWLRQ RI WKH QHWZRUN
FDUULHV� LQ DGGLWLRQ WR PXOWLFDVW WUDpF� EDFNJURXQG XQLFDVW WUDpF RULJLQDWLQJ
IURP WKH VXUURXQGLQJ QHWZRUN� :H DVVXPH WKDW WKH EDFNJURXQG WUDpF LV LQ�
GHSHQGHQW RQ HDFK OLQN� 7KH GLVWULEXWLRQ GRHV QRW GHSHQG RQ WKH PXOWLFDVW
WUDpF LQ WKH OLQN DQG WKH WUDpF LQ WKH RWKHU OLQNV� 7KH QRQ�PXOWLFDVW WUDpF
LQ OLQN M LV DVVXPHG WR EH 3RLVVRQ ZLWK WUDpF LQWHQVLW\ $M� 7KH FDSDFLW\ UH�
TXLUHPHQW LV HTXDO WR RQH XQLW RI FDSDFLW\� 7KH OLQN RFFXSDQF\ GLVWULEXWLRQ RI
WKH QRQ�PXOWLFDVW WUDpF LQ D OLQN ZLWK LQnQLWH FDSDFLW\ LV WKXV�
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+HUH ZH GHDO RQO\ ZLWK VLQJOH UDWH XQLFDVW WUDpF� WKH JHQHUDOL]DWLRQ WR PXO�
WLUDWH 3RLVVRQ WUDpF LV VWUDLJKWIRUZDUG DQG LV FRQVLGHUHG IRU H[DPSOH LQ >�@�
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1RWH DOVR� WKDW IRU WKH WUXQFDWLRQ SULQFLSOH WR DSSO\� WKH EDFNJURXQG WUDpF
FDQ EH PRGHOHG E\ DQ\ UHYHUVLEOH 0DUNRY SURFHVV RU� HYHQ� WKH FRUUHVSRQGLQJ
QRQ�0DUNRYLDQ SURFHVV ZLWK JHQHUDO KROGLQJ WLPHV� ,Q WKLV ZRUN ZH FRQVLGHU
WKH 3RLVVRQ FDVH�

7KH LQFOXVLRQ RI EDFNJURXQG WUDpF DmHFWV RQO\ WKH WUXQFDWLRQ VWHS RI WKH
DOJRULWKP SUHVHQWHG LQ VHFWLRQ ���� 7KH VWDWH SUREDELOLWLHV DUH GHnQHG DV LQ
VHFWLRQ �� 7KH VWDWH SUREDELOLWLHV RI WKH OLQN VWDWHV WKDW UHTXLUH PRUH FDSDFLW\
WKDQ DYDLODEOH RQ WKH OLQN DUH VHW WR ]HUR DV EHIRUH� +RZHYHU� DOVR WKH VWDWH
SUREDELOLWLHV RI WKH VWDWHV WKDW VDWLVI\ WKH FDSDFLW\ UHVWULFWLRQ RI WKH OLQN DUH
DOWHUHG� DV WKH DYDLODEOH FDSDFLW\ RQ WKH OLQN GHSHQGV RQ WKH DPRXQW RI QRQ�
PXOWLFDVW WUDpF RQ WKH OLQN�

7KHUHIRUH� WKH WUXQFDWLRQ IXQFWLRQV SUHVHQWHG LQ HTXDWLRQV ���� DQG ���� PXVW
EH UHSODFHG E\ WKH RSHUDWRUV
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ZKHUH 1 GHQRWHV WKH VHW RI QDWXUDO QXPEHUV� 7KHQ� WKH SUREDELOLWLHV A4M DQG
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7KXV� WKH DOJRULWKP GLmHUV RQO\ E\ WKH WUXQFDWLRQ IXQFWLRQ XVHG�
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$QRWKHU ZD\ RI GHVFULELQJ WKH UHODWLRQVKLS EHWZHHQ WKH WZR GLmHUHQW W\SHV
RI WUDpF� LV WR FRQVLGHU WKHP DV WZR WUDpF FODVVHV LQ D WZR�GLPHQVLRQDO OLQN
RFFXSDQF\ VWDWH VSDFH DV VKRZQ LQ nJXUH �� ,I WKH FDSDFLW\ LV LQnQLWH� WKH
WUDpF FODVVHV DUH LQGHSHQGHQW RI HDFK RWKHU� 7KH nQLWH FDSDFLW\ RI WKH OLQN
LPSRVHV D OLQHDU FRQVWUDLQW IRU WKLV VWDWH VSDFH� :H QRWLFH WKDW WKH PDUJLQDO
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)LJ� �� 6KDSLQJ RI WKH PDUJLQDO GLVWULEXWLRQ RI WKH FDSDFLW\ RFFXSDQF\�

GLVWULEXWLRQ RI WKH FDSDFLW\ RFFXSDQF\ RI WKH PXOWLFDVW WUDpF LV ZHLJKWHG E\
WKH VXPV RYHU WKH FROXPQV RI WKH RFFXSDQF\ SUREDELOLWLHV RI WKH EDFNJURXQG
WUDpF� ,I WKH PXOWLFDVW WUDpF RFFXSLHV F  G c\M XQLWV RI FDSDFLW\� DQG WKH OLQN
FDSDFLW\ LV &M� WKHQ SRVVLEOH QRQ�PXOWLFDVW WUDpF VWDWHV RQ WKH OLQN DUH WKRVH
ZLWK ]M � &M b F� ZKHUH ]M LV WKH QXPEHU RI QRQ�PXOWLFDVW FDOOV� LQ DFFRUGDQFH
ZLWK HTXDWLRQ �����
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7KH EORFNLQJ SUREDELOLW\ LQ HTXDWLRQ ��� LV DJDLQ REWDLQHG E\ WZR VHULHV RI
FRQYROXWLRQV DQG WUXQFDWLRQV IURP WKH OHDI OLQNV WR WKH FRPPRQ OLQN - � 7KH
WLPH EORFNLQJ SUREDELOLW\ RI WKH QHWZRUN LV

AEWX�L  �b
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A4X�L
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5HFDOO WKDW RQO\ WKH WUXQFDWLRQ RSHUDWRUV XVHG LQ WKH DOJRULWKP ZHUH DOWHUHG�
7KHUHIRUH� WKH VDPH PRGLnFDWLRQV WKDW ZHUH SUHVHQWHG LQ VHFWLRQ � DSSO\ IRU
WKH DERYH DOJRULWKP�

� 1XPHULFDO UHVXOWV

,Q WKLV VHFWLRQ� ZH SUHVHQW QXPHULFDO UHVXOWV IRU FDOO EORFNLQJ XVLQJ WKH VLQJOH
XVHU SRSXODWLRQ PRGHO RI VHFWLRQ ���� %RWK WKH QHWZRUN ZLWK RQO\ PXOWLFDVW
WUDpF DQG WKH QHWZRUN LQFOXGLQJ EDFNJURXQG WUDpF DUH FRQVLGHUHG� 7KH QHW�
ZRUN� XVHG DV DQ H[DPSOH� KDV IRXU OHYHOV� ,W LV GHSLFWHG LQ nJXUH �� 7KH
FRPPRQ OLQN �OHYHO �� KDV ��� XVHUV FRQQHFWHG WR LW� 7KH QHWZRUN IDQV RXW
LQWR � OLQNV� ZLWK HDFK KDYLQJ �� XVHUV� 7KHVH OLQNV IDQ RXW WR IRXU OLQNV ZLWK
�� XVHUV DQG nQDOO\ HDFK OLQN ZLWK �� XVHUV IDQV RXW WR IRXU OLQNV ZLWK � XVHUV�
7KH OHDI OLQNV �OHYHO ��� ZLWK FDSDFLW\ VHW WR RQH DQG RQH XVHU EHKLQG WKHP�
DUH QRW VKRZQ LQ WKH nJXUH RI WKH H[DPSOH QHWZRUN� DV QR EORFNLQJ RFFXUV LQ
WKHVH OLQNV�

7KH FDOO EORFNLQJ SUREDELOLWLHV DUH FDOFXODWHG IRU GLmHUHQW QHWZRUN FDSDFLWLHV
ZLWK LGHQWLFDO QXPEHU RI FKDQQHOV �,  ��� FKDQQHO FDSDFLW\ UHTXLUHPHQWV
�GL  �� L � ,�� DQG SUREDELOLW\ RI VXEVFULELQJ WR DQ\ FKDQQHO �3  ����� $
WUXQFDWHG JHRPHWULF GLVWULEXWLRQ ZDV XVHG IRU WKH FKDQQHO SUHIHUHQFH�

mL  
S��b S�Lb�

�b ��b S�,
�

ZLWK SDUDPHWHU S  ���� 7KH PHDQ KROGLQJ WLPH LV WKH VDPH IRU DOO FKDQQHOV�
� x  �� UHVXOWLQJ LQ AmL  mL� IRU DOO L� 7KH OLQN FDSDFLWLHV DUH DOORFDWHG
DFFRUGLQJ WR WKH QHWZRUN OHYHO RI WKH OLQN� 7KXV &� FRUUHVSRQGV WR WKH FDSDFLW\
DOORFDWHG WR WKH FRPPRQ OLQN DQG &� LV WKH FDSDFLW\ DOORFDWHG WR WKH OHYHO IRXU
OLQNV�

7KH PXOWLFDVW WUDpF LV RmHUHG E\ D nQLWH XVHU JURXS� ZKLOH WKH EDFNJURXQG
WUDpF LV RmHUHG LQGHSHQGHQWO\ WR HDFK OLQN DQG E\ DQ LQnQLWH XVHU JURXS
RULJLQDWLQJ SDUWO\ IURP RXWVLGH WKH WUHH�VWUXFWXUHG VXEQHWZRUN� ,Q WKH nUVW
FDVH� WKH QHWZRUN KDV WKH VDPH EDFNJURXQG WUDpF LQWHQVLW\ IRU DOO OLQNV� ZKLFK
LV WKH FDVH LI WKH VXEQHWZRUN OLHV LQVLGH D ODUJH QHWZRUN� ,Q WKH VHFRQG FDVH�
WKH QHWZRUN KDV D EDFNJURXQG WUDpF LQWHQVLW\ GHSHQGLQJ RQ WKH QXPEHU RI

��



)LJ� �� $ GLVWULEXWLRQ QHWZRUN DQG LWV WUHH�VWUXFWXUHG VXEQHWZRUN

PXOWLFDVW XVHUV VXEVFULEHG WR WKH OLQN� ZKLFK LV D UHDVRQDEOH DVVXPSWLRQ LQ D
VPDOO QHWZRUN� 1HLWKHU QHWZRUN KDV DQ\ QRQ�PXOWLFDVW WUDpF LQ WKH OHDI OLQNV�
ZKLFK KDYH RQO\ RQH XVHU� 7KH UHVXOWV GHSLFWHG LQ WDEOH � VKRZ WKDW WKH HmHFW
RI KDYLQJ WKH VDPH DPRXQW RI QRQ�PXOWLFDVW WUDpF LQ DOO WKH OLQNV GRHV QRW
GLmHU PXFK IURP WKH FDVH RI KDYLQJ QRQ�PXOWLFDVW WUDpF SURSRUWLRQDO WR WKH
QXPEHU RI XVHUV LQ WKH OLQN� 2QO\ ZKHQ WKH EORFNLQJ SUREDELOLWLHV DUH VPDOO� WKH
HmHFW RI LQFOXGLQJ EDFNJURXQG WUDpF LV ODUJH� )RU VPDOO EORFNLQJ SUREDELOLWLHV�
WKH GLmHUHQFH LQ WKH WZR PL[HG WUDpF PRGHOV LV DOVR QRWDEOH�

7DEOH �
(QG�WR�HQG FKDQQHO EORFNLQJ SUREDELOLWLHV IRU WKH QHWZRUN LQ nJXUH � �

/LQN FDSDFLWLHV 0XOWLFDVW %DFNJURXQG $M  ��� %DFNJURXQG $M  ��� 1
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� &RQFOXVLRQV

:H KDYH SUHVHQWHG DQ H[DFW DOJRULWKP IRU FDOFXODWLQJ HQG�WR�HQG WLPH EORFN�
LQJ SUREDELOLWLHV LQ PXOWLFDVW QHWZRUNV� 7KH DOJRULWKP LV EDVHG RQ WKH NQRZQ
DOJRULWKP IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV LQ KLHUDUFKLFDO PXOWLVHUYLFH DF�
FHVV QHWZRUNV� 7KH PXOWLFDVW WUDpF FKDUDFWHULVWLFV ZHUH WDNHQ LQWR DFFRXQW LQ
WKH FRQYROXWLRQ VWHS RI WKH DOJRULWKP� XVLQJ WKH QHZ 25�FRQYROXWLRQ� 7KH
DOJRULWKP ZDV IXUWKHU H[WHQGHG WR LQFOXGH EDFNJURXQG WUDpF LQ DGGLWLRQ WR
PXOWLFDVW WUDpF� :H KDYH JLYHQ IRXU GLmHUHQW XVHU PRGHOV VDWLVI\LQJ WKH UH�
TXLUHPHQWV IRU WKH XVH RI WKH DOJRULWKP� 7KH VLQJOH XVHU PRGHO SUHVHQWHG LQ
VHFWLRQ ��� FDQ EH FRQVLGHUHG DV WKH PDLQ PRGHO� DV IURP LW WKH RWKHU WKUHH
XVHU SRSXODWLRQ PRGHOV FDQ EH GHULYHG� 7KH PDLQ PRGHO FDQ EH PRGLnHG LQ
RUGHU WR REWDLQ WKH FRQQHFWLRQ VSHFLnF XVHU PRGHO SUHVHQWHG E\ &KDQ DQG
*HUDQLRWLV >�@� DQG XVHU PRGHOV IRU DUELWUDU\ VL]HG XVHU SRSXODWLRQV�

:H DOVR VKRZHG KRZ WKH RULJLQDO DOJRULWKP IRU FDOFXODWLQJ WLPH EORFNLQJ SURE�
DELOLWLHV FDQ EH DSSOLHG WR FDOFXODWLQJ FDOO EORFNLQJ SUREDELOLWLHV IRU DOO WKH
XVHU PRGHOV SUHVHQWHG� 7KH XVH RI WKH HQG�WR�HQG WLPH EORFNLQJ DOJRULWKP IRU
FDOFXODWLQJ FDOO EORFNLQJ SUREDELOLW\ LV GHPRQVWUDWHG E\ PHDQV RI QXPHULFDO
H[DPSOHV� 7KH UHVXOWV ZHUH IXUWKHU IRXQG LQVHQVLWLYH WR WKH FKDQQHO KROGLQJ
WLPH GLVWULEXWLRQV� )RU WKH nQLWH XVHU SRSXODWLRQ PRGHOV� WKH UHVXOWV ZHUH LQ�
VHQVLWLYH WR XVHU LGOH WLPH GLVWULEXWLRQV DV ZHOO�

&DOFXODWLQJ WKH H[DFW VROXWLRQ IRU WKH HQG�WR�HQG FDOO EORFNLQJ SUREDELOLW\�
KRZHYHU� EHFRPHV LQIHDVLEOH DV WKH QXPEHU RI FKDQQHOV LQFUHDVHV� ,Q FRQWUDVW
WR RUGLQDU\ DFFHVV QHWZRUNV� WKH DJJUHJDWH RQH GLPHQVLRQDO OLQN RFFXSDQF\
GHVFULSWLRQ LV QRW VXpFLHQW� VLQFH LQ WKH PXOWLFDVW QHWZRUN LW LV HVVHQWLDO WR
GR DOO FDOFXODWLRQV LQ WKH OLQN VWDWH VSDFH� ZLWK �, VWDWHV� 7KLV LV GXH WR WKH
UHVRXUFH VKDULQJ SURSHUW\ RI PXOWLFDVW WUDpF� QDPHO\ WKH FDSDFLW\ LQ XVH RQ
D OLQN LQFUHDVHV RQO\ ZKHQ VXFK D FKDQQHO LV UHTXHVWHG ZKLFK FXUUHQWO\ LV QRW
FDUULHG LQ WKH OLQN� 7KXV� LQ SUDFWLFH� DSSUR[LPDWLRQ PHWKRGV VXFK DV 5/$ DUH
QHHGHG� +RZHYHU� WKH VL]H RI WKH QHWZRUN FRQWULEXWHV WR WKH FRPSOH[LW\ RQO\
OLQHDUO\ DQG LV WKXV QRW DQ LVVXH DV ORQJ DV WKH QXPEHU RI FKDQQHOV LV VPDOO�

:H OHDYH IRU IXUWKHU UHVHDUFK H[WHQGLQJ WKH SUHVHQWHG XVHU SRSXODWLRQ PRGHOV
WR FRYHU DQ HYHQ ODUJHU YDULHW\ RI UHDOLVWLF PXOWLFDVW XVHU PRGHOV DQG QHZ DS�
SUR[LPDWLRQ PHWKRGV IRU FDOFXODWLQJ EORFNLQJ SUREDELOLWLHV� 7KH DFFHOHUDWLRQ
RI WKH H[DFW DOJRULWKP SUHVHQWHG VKRXOG DOVR EH LQYHVWLJDWHG� 7KH FRPSOH[LW\
RI WKH DOJRULWKP ZRXOG GHFUHDVH FRQVLGHUDEO\ LI WKH FDOFXODWLRQV ZRXOG QRW UH�
TXLUH WKH �, VWDWHV RI OLQN VWDWH VSDFH� 2QH SRVVLELOLW\ IRU IXUWKHU VWXGLHV ZRXOG
EH WR DVVXPH WKDW WKH FKDQQHOV EH LGHQWLFDO LQ WHUPV RI WKH SUREDELOLWLHV RI
FKRRVLQJ WKH FKDQQHOV� WKH FDSDFLW\ UHTXLUHPHQW RI WKH FRQQHFWLRQ DQG WKH
PHDQ KROGLQJ WLPH RI WKH UHFHLYHU� 7KHVH DVVXPSWLRQV DUH FOHDUO\ UHVWULFWLYH�
EXW ZRXOG DOORZ WKH XVH RI WKH DOJRULWKP IRU QHWZRUNV ZLWK PDQ\ FKDQQHOV�
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$ 2Q WKH LQVHQVLWLYLW\ RI PXOWLFDVW ORVV V\VWHPV

,Q WKLV DSSHQGL[� ZH JLYH D PRUH ULJRURXV WUHDWPHQW RI WKH LQVHQVLWLYLW\ SURS�
HUW\ GLVFXVVHG HDUOLHU LQ WKLV SDSHU� 7KLV LV GRQH E\ XVLQJ WKH WKHRU\ RI JHQHU�
DOL]HG VHPL�0DUNRY SURFHVVHV� DQG� LQ SDUWLFXODU� WKH UHVXOWV SUHVHQWHG LQ >��@�
7KH nQDO DLP LV WR MXVWLI\ WKH FODLP WKDW WKH VWHDG\ VWDWH GLVWULEXWLRQ a{�[� LQ
D QHWZRUN ZLWK DUELWUDU\ OLQN FDSDFLWLHV LV LQVHQVLWLYH WR WKH XQGHUO\LQJ FRQ�
QHFWLRQ KROGLQJ WLPH GLVWULEXWLRQV� L�H� a{�[� GHSHQGV RQO\ RQ WKH PHDQ� EXW
QRW RQ WKH IRUP� RI WKH FRQQHFWLRQ KROGLQJ WLPH GLVWULEXWLRQV� )RU WKH nQLWH
XVHU SRSXODWLRQ PRGHOV� a{�[� SURYHV RXW WR EH LQVHQVLWLYH HYHQ WR WKH XVHU LGOH
WLPH GLVWULEXWLRQV� %HORZ� ZH ZLOO VKRZ WKDW WKHVH SURSHUWLHV DUH YDOLG DW OHDVW
DPRQJ WKH GLVWULEXWLRQ FODVVHV GHnQHG LQ >��@� )RU VKRUWQHVV� WKHVH GLVWULEX�
WLRQV DUH FDOOHG JHQHUDO� $V DQ DVLGH� ZH nQG WKDW WKH WUXQFDWLRQ SULQFLSOH� DV
SUHVHQWHG LQ ����� LV LQVHQVLWLYH WR WKHVH GLmHUHQW GLVWULEXWLRQV�

$�� )LQLWH XVHU SRSXODWLRQ PRGHOV

7KH UHYHUVLEOH 0DUNRY SURFHVVHV XVHG WR PRGHO nQLWH XVHU SRSXODWLRQV LQ 6HF�
WLRQV ���^��� LPSOLFLWO\ UHTXLUH WKDW DOO WKH XVHU LGOH WLPH DQG FRQQHFWLRQ KROG�
LQJ WLPH GLVWULEXWLRQV EH H[SRQHQWLDO� ,I WKHVH H[SRQHQWLDO GLVWULEXWLRQV DUH
UHSODFHG E\ JHQHUDO GLVWULEXWLRQV� ZLWKRXW PRGLI\LQJ WKHLU PHDQV� WKH UHVXOW�
LQJ PRGHO LV D VHPL�0DUNRY SURFHVV� ,W LV ZHOO NQRZQ WKDW WKLV VHPL�0DUNRY
SURFHVV KDV WKH VDPH VWDWLRQDU\ GLVWULEXWLRQ DV WKH RULJLQDO 0DUNRY SURFHVV�
,Q RWKHU ZRUGV� WKH XQUHVWULFWHG VWHDG\ VWDWH SUREDELOLWLHV {X�\� RI WKH OHDI
OLQNV X DUH LQVHQVLWLYH ERWK WR WKH XVHU LGOH WLPH DQG FRQQHFWLRQ KROGLQJ WLPH
GLVWULEXWLRQV� 7KXV� HTXDWLRQV ���� ���� DQG ��� UHPDLQ YDOLG HYHQ LI WKH XVHU
LGOH WLPH DQG FRQQHFWLRQ KROGLQJ WLPH GLVWULEXWLRQV DUH JHQHUDO�

$V DQ LPPHGLDWH FRQVHTXHQFH� HTXDWLRQ ��� UHPDLQV YDOLG LI WKH XVHU LGOH WLPH
DQG FRQQHFWLRQ KROGLQJ WLPH GLVWULEXWLRQV DUH JHQHUDO� 7KXV� IRU DOO WKH PRGHOV
PHQWLRQHG DERYH� WKH VWHDG\ VWDWH GLVWULEXWLRQ {�[� LQ D QHWZRUN ZLWK LQnQLWH
OLQN FDSDFLWLHV LV DOVR LQVHQVLWLYH WR ERWK WKH XVHU LGOH WLPH DQG FRQQHFWLRQ
KROGLQJ WLPH GLVWULEXWLRQV�

)LQDOO\� LW LV SRVVLEOH WR VKRZ� IRU DOO WKH PRGHOV PHQWLRQHG DERYH� WKDW WKH
VWHDG\ VWDWH GLVWULEXWLRQ a{�[� LQ D QHWZRUN ZLWK DUELWUDU\ OLQN FDSDFLWLHV LV
DOVR LQVHQVLWLYH WR ERWK WKH XVHU LGOH WLPH DQG FRQQHFWLRQ KROGLQJ WLPH GLVWUL�
EXWLRQV� 1RWH WKDW WKLV GRHV QRW IROORZ LPPHGLDWHO\ IURP ���� DQG WKH SUHFHG�
LQJ UHVXOW� VLQFH XQWLO QRZ HTXDWLRQ ���� KDV EHHQ VKRZQ WR EH YDOLG RQO\ IRU
WKH H[SRQHQWLDO GLVWULEXWLRQ� ,QVWHDG� WKH LQVHQVLWLYLW\ RI a{�[� LPSOLHV WKDW WKH
WUXQFDWLRQ SULQFLSOH� DV SUHVHQWHG LQ ����� DOVR DSSOLHV WR JHQHUDO GLVWULEXWLRQV�

&RQVLGHU nUVW WKH XVHU PRGHO GHnQHG LQ 6HFWLRQ ���� ,I WKH XVHU LGOH WLPH
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DQG FRQQHFWLRQ KROGLQJ WLPH GLVWULEXWLRQV DUH H[SRQHQWLDO� WKH QHWZRUN VWDWH
SURFHVV a;�W�  � a<XL�W��X � 8 � L � ,� LV D UHYHUVLEOH 0DUNRY SURFHVV VDWLVI\LQJ
WKH IROORZLQJ GHWDLOHG EDODQFH HTXDWLRQV� IRU DOO X � 8 � L � ,� DQG [ � al� VXFK
WKDW [ � HXL � al�

a{�[�wXL  a{�[� HXL�xL� �$���

$VVXPH WKHQ WKDW WKH XVHU LGOH WLPH DQG FRQQHFWLRQ KROGLQJ WLPH GLVWULEX�
WLRQV DUH JHQHUDO� ,W LV IXUWKHU DVVXPHG WKDW ZKHQHYHU D FRQQHFWLRQ UHTXHVW LV
EORFNHG� WKH UHODWHG XVHU VWDUWV D IUHVK LGOH SHULRG� ,Q WKLV FDVH� WKH QHWZRUN
VWDWH SURFHVV a;�W�� LQ JHQHUDO� LV QHLWKHU D 0DUNRY SURFHVV QRU D VHPL�0DUNRY
SURFHVV� ,QVWHDG� LW LV D JHQHUDOL]HG VHPL�0DUNRY SURFHVV �*603� DV GHnQHG
H�J� LQ >��@� 7KH LGHD LV WR FRQVLGHU� LQ DGGLWLRQ WR WKH QHWZRUN VWDWH YDULDEOH
a;�W�� WKH UHPDLQLQJ WLPHV 7X�W� WKDW HDFK XVHU X VWD\V LQ LWV FXUUHQW VWDWH�
,I a<XL  �� WKHQ 7X�W� WHOOV KRZ ORQJ XVHU X VWLOO FRQWLQXHV WR VXEVFULEH WR
FKDQQHO L DW WLPH W �DQG ZH VD\ WKDW FORFN VXL LV DFWLYH DW WKDW WLPH�� %XW LI
a<XL  � IRU DOO L� WKHQ 7X�W� WHOOV KRZ ORQJ XVHU X VWLOO UHPDLQV LGOH DW WLPH
W �DQG ZH VD\ WKDW FORFN VX� LV DFWLYH DW WKDW WLPH�� 7KXV� 8�, � �� GLmHU�
HQW FORFNV DUH QHHGHG� H[DFWO\ 8 RI ZKLFK DUH DFWLYH LQ HDFK QHWZRUN VWDWH�
/HW WKHQ 7�W�  �7X�W�� X � 8�� 7KH SRLQW LV WKDW WKH VXSSOHPHQWHG SURFHVV
� a;�W��7�W�� LV D 0DUNRY SURFHVV�

%\ 7K� ��� RI >��@� WKH *603 a;�W� LV LQVHQVLWLYH WR WKH XVHU LGOH WLPH DQG
FRQQHFWLRQ KROGLQJ WLPH GLVWULEXWLRQV LI WKH IROORZLQJ ORFDO EDODQFH HTXDWLRQV
DUH VDWLVnHG�

�L� IRU DOO X � 8 DQG [ � al VXFK WKDW FORFN VX� LV DFWLYH�

a{�[�wX 
;
L�,

a{�[� HXL�xL�[�HXL�al �
;
L�,

a{�[�wXL�[�HXL��al�

�LL� IRU DOO X � 8 � L � ,� DQG [ � al VXFK WKDW FORFN VXL LV DFWLYH�

a{�[�xL  a{�[b HXL�wXL�

,W LV HDV\ WR VHH WKDW DOO WKHVH ORFDO EDODQFH HTXDWLRQV IROORZ IURP WKH GHWDLOHG
EDODQFH HTXDWLRQV �$����

7KH XVHU PRGHO GHnQHG LQ 6HFWLRQ ��� FDQ EH KDQGOHG VLPLODUO\� ,Q WKLV FDVH�
WKH GHWDLOHG EDODQFH HTXDWLRQV DUH H[DFWO\ WKH VDPH RQHV �$��� DV DERYH� 7KH
QXPEHU RI FORFNV QHHGHG LV �8,� FORFN VXL[ LV DFWLYH ZKHQHYHU a<XL  [ � I�� �J�
7KH ORFDO EDODQFH HTXDWLRQV FRUUHVSRQGLQJ WR WKH LQVHQVLWLYLW\ SURSHUW\ UHDG
QRZ DV IROORZV�

�L� IRU DOO X � 8 � L � ,� DQG [ � al VXFK WKDW FORFN VXL� LV DFWLYH�

a{�[�wXL  a{�[� HXL�xL�[�HXL�al � a{�[�wXL�[�HXL��al�
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�LL� IRU DOO X � 8 � L � ,� DQG [ � al VXFK WKDW FORFN VXL� LV DFWLYH

a{�[�xL  a{�[b HXL�wXL�

,W LV DJDLQ HDV\ WR VHH WKDW DOO WKHVH ORFDO EDODQFH HTXDWLRQV IROORZ IURP WKH
GHWDLOHG EDODQFH HTXDWLRQV�

&RQVLGHU nQDOO\ WKH XVHU SRSXODWLRQ PRGHO GHnQHG LQ 6HFWLRQ ���� 7KH FODLP
IROORZV QRZ IURP WKH nUVW FDVH DERYH� HTXDWLRQ ��� DQG WKH REVHUYDWLRQ WKDW
WKH SXUH FRQYROXWLRQ RSHUDWRU SUHVHUYHV WKH LQVHQVLWLYLW\ SURSHUW\�

$�� ,QnQLWH XVHU SRSXODWLRQ PRGHO

7KH LQnQLWH XVHU SRSXODWLRQ ZDV PRGHOHG LQ 6HFWLRQ ��� DV D FROOHFWLRQ RI LQGH�
SHQGHQW 0 0 � TXHXHV� UHTXLULQJ WKDW DOO WKH LQWHUDUULYDO WLPH DQG FRQQHF�
WLRQ KROGLQJ WLPH GLVWULEXWLRQV EH H[SRQHQWLDO� ,W LV ZHOO NQRZQ WKDW WKH VWHDG\
VWDWH GLVWULEXWLRQ LQ DQ 0 * � TXHXH LV WKH VDPH DV LQ WKH FRUUHVSRQGLQJ
0 0 � TXHXH �VHH H�J� >�@�� 7KXV� WKH XQUHVWULFWHG VWHDG\ VWDWH SUREDELOL�
WLHV {X�\� RI WKH OHDI OLQNV X DUH LQVHQVLWLYH WR WKH FRQQHFWLRQ KROGLQJ WLPH
GLVWULEXWLRQV� EXW QRW WR WKH LQWHUDUULYDO WLPH GLVWULEXWLRQV� ,Q RWKHU ZRUGV�
HTXDWLRQ ���� UHPDLQV YDOLG HYHQ LI WKH FRQQHFWLRQ KROGLQJ WLPH GLVWULEXWLRQV
DUH JHQHUDO�

$V DQ LPPHGLDWH FRQVHTXHQFH� HTXDWLRQ ��� UHPDLQV YDOLG LI WKH FRQQHFWLRQ
KROGLQJ WLPH GLVWULEXWLRQ LV JHQHUDO� 7KXV� IRU WKH LQnQLWH XVHU SRSXODWLRQ
PRGHO� WKH VWHDG\ VWDWH GLVWULEXWLRQ {�[� LQ D QHWZRUN ZLWK LQnQLWH OLQN FD�
SDFLWLHV LV LQVHQVLWLYH WR WKH FRQQHFWLRQ KROGLQJ WLPH GLVWULEXWLRQV�

)LQDOO\� ZH ZLOO VKRZ WKDW WKH VWHDG\ VWDWH GLVWULEXWLRQ a{�[� LQ D QHWZRUN ZLWK
DUELWUDU\ OLQN FDSDFLWLHV LV DOVR LQVHQVLWLYH WR WKH FRQQHFWLRQ KROGLQJ WLPH GLV�
WULEXWLRQV� 7KLV IROORZV LPPHGLDWHO\ IURP D VLPLODU UHVXOW IRU WKH VWHDG\ VWDWH
GLVWULEXWLRQ a{�Q� RI WKH H[WHQGHG QHWZRUN VWDWH SURFHVV a1�W�� ZKLFK ZLOO EH
SURYHG QH[W� DJDLQ E\ XWLOL]LQJ WKH WKHRU\ RI JHQHUDOL]HG VHPL�0DUNRY SUR�
FHVVHV� %\ WKH H[WHQGHG QHWZRUN VWDWH SURFHVV� ZH UHIHU WR a1�W�  � a1XL�W�� X �
8 � L � ,�� ZKHUH a1XL�W� GHQRWHV WKH QXPEHU RI RQJRLQJ PXOWLFDVW FRQQHFWLRQV
EHORQJLQJ WR WUDpF FODVV �X� L�� 1RWH WKDW

a;�W�  K� a1�W���

ZKHUH K�Q�  ��QXL!�� X � 8 � L � ,�� VR WKDW a<XL�W�  � a1XL�W�!�� /HW WKHQ

(  I�� �� � � � J8d, � 7KH VWDWH VSDFH RI a1�W� LV GHQRWHG E\ a( �
a(  IQ � ( M K�Q� � alJ�
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,I WKH FRQQHFWLRQ KROGLQJ WLPH GLVWULEXWLRQV DUH H[SRQHQWLDO� WKH H[WHQGHG
QHWZRUN VWDWH SURFHVV a1�W� LV D UHYHUVLEOH 0DUNRY SURFHVV VDWLVI\LQJ WKH IRO�
ORZLQJ GHWDLOHG EDODQFH HTXDWLRQV� IRU DOO X � 8 � L � ,� DQG Q � a(� VXFK WKDW
Q� HXL � a( �

a{�Q�wXL  a{�Q� HXL��QXL � ��xL� �$���

$VVXPH WKHQ WKDW WKH FRQQHFWLRQ KROGLQJ WLPH GLVWULEXWLRQV DUH JHQHUDO� ,Q
WKLV FDVH� EDVLFDOO\ GXH WR DQ LQnQLWH XVHU SRSXODWLRQ� WKH H[WHQGHG QHWZRUN
VWDWH SURFHVV a1�W� LV QRW DQ RUGLQDU\ *603 EXW D *603 UHVXOWLQJ IURP D
JHQHUDOL]HG VHPL�0DUNRY VFKHPH ZLWK UHODEHOLQJ� DV GHnQHG LQ >��@� �$ VLPLODU
UHODEHOLQJ VFKHPH LV DOVR QHHGHG ZKHQ PRGHOLQJ DQ 0 * � TXHXH LQ WKLV
IUDPHZRUN�� ,Q DGGLWLRQ WR VLQJOH FORFNV� GLmHUHQW FORFN W\SHV DUH GHnQHG� ,Q
RXU FDVH� WKHUH DUH �8, GLmHUHQW FORFN W\SHV� RQH FORFN RI W\SH 6XL� FRUUH�
VSRQGLQJ WR WKH LQWHUDUULYDO WLPHV LV DOZD\V DFWLYH� DQG Q FORFNV RI W\SH 6XL�

FRUUHVSRQGLQJ WR WKH KROGLQJ WLPHV DUH DFWLYH ZKHQHYHU a1XL  Q� 7KH UHODEHO�
LQJ RI FORFNV KDV WR EH GRQH VLPLODUO\ DV LQ WKH FDVH RI DQ 0 * � TXHXH �VHH
>��@��

%\ 7K� ��� RI >��@� WKH *603 a1�W� UHVXOWLQJ IURP WKH UHODEHOLQJ VFKHPH GH�
VFULEHG DERYH LV LQVHQVLWLYH WR WKH FRQQHFWLRQ KROGLQJ WLPH GLVWULEXWLRQV LI WKH
IROORZLQJ ORFDO EDODQFH HTXDWLRQV DUH VDWLVnHG� IRU DOO X � 8 � L � ,� DQG Q � a( �
VXFK WKDW DW OHDVW RQH RI WKH FORFNV RI W\SH 6XL� LV DFWLYH�

a{�Q�xL  a{�Qb HXL�wXL

�

QXL

�

,W LV HDV\ WR VHH WKDW DOO WKHVH ORFDO EDODQFH HTXDWLRQV IROORZ IURP WKH GHWDLOHG
EDODQFH HTXDWLRQV �$����
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